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A discrete group with word-length (G, L) is £>-isocohomological for a bound- 
ing classes B if the comparison map from B -bounded cohomology to ordi- 
nary cohomology (with coefficients in C) is an isomorphism; it is strongly B- 
isocohomological if the same is true with arbitrary coefficients. In this paper we 
establish some basic conditions guaranteeing strong £>-isocohomologicality. In 
particular, we show strong £>-isocohomologicality for an FP°° group G if all of 
the weighted G -sensitive Dehn functions are B -bounded. Such groups include all 
B -asynchronously combable groups; moreover, the class of such groups is closed 
under constructions arising from groups acting on an acyclic complex. We also 
provide examples where the comparison map fails to be injective, as well as sur- 
jective, and give an example of a solvable group with quadratic first Dehn function, 
but exponential second Dehn function. Finally, a relative theory of B -bounded 
cohomology of groups with respect to subgroups is introduced. Relative isoco- 
homologicality is determined in terms of a new notion of relative Dehn functions 
and a relative FP°° property for groups with respect to a collection of subgroups. 
Applications for computing B -bounded cohomology of groups are given in the 
context of relatively hyperbolic groups and developable complexes of groups. 
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1 Introduction 



To a bounding class of functions B, a group with length (G,L) and a weighted G- 
complex (X,w) one can associate the B -bounded, G-equi variant cohomology of X 
with coefficients in a Hb,l(G) -module V: 

BH* G {X; V) 

The construction is a variant on that used in the non-bounded case. Starting with (G, L) 
and B, one constructs a bornological algebra Hq l(G) - a completion of the group 
algebra C[G] - and a bornological Hq i{G) -module BC*(EG x X) - a similar com- 
pletion of the the complex of singular chains C*{EG x X). Then given a bornological 
Hb,l(G) -module V, one forms the (co)complex 

BHom HB dG) {BC,{EG x X),V) 

of bounded Hq l(G) -module homomorphisms. The cohomology groups BH G (X; V) 
are then defined as the (algebraic) cohomology groups of this complex. There is a 
natural transformation of functors 

£#*(_;_) -»• #!(-;-) 

which, for given values, is referred to as the comparison map 

$B = $b,g(X; V) : Bfl£(X; V) -> H* G (X; V) 

One wants to know the properties of this map; when it is injective, surjective, and 
what structures are preserved under it. In some special cases, quite a bit is known. 
For example, taking B = £> m j n = {constant functions} yields Hg^^G) = £ l (G), 
and the resulting cohomology theory is simply the equivariant bounded cohomology 
of X with coefficients in the Banach £ 1 (G)-module V. At the other extreme, when 
B = B max = {f : R + -4 IR + \f non-decreasing}, the comparison map becomes an 
isomorphism under appropriate fmiteness conditions: G is an FP°° group and X is 
a G -complex with finitely many orbits in each dimension. More interesting, and also 
more subtle, is the case when the bounding class B lies between these two extremes, 
because it is in this range that the weight function on X and word-length function on G 
have the potential for influencing the i5-bounded cohomology groups in a non-trivial 
way. To illustrate why this is of interest, we consider two applications. 

• The topological ^-theory of £ l (G). Here the bounding class B = V = {non- 
decreasing polynomials} is of particular interest, as H-p^G) is a smooth subal- 
gebra of l\G). Taking X = pt and V = C, the image of consists precisely 
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of those cohomology classes in H*(G) = H*(G; C) which are polynomially 
bounded with respect to the word-length function on G. Such classes therefore 
satisfy the £ -analogue of the Novikov Conjecture, and there is reason to be- 
lieve they also satisfy the Strong Novikov Conjecture (without any additional 
Rapid Decay condition on the group). For this application, one would like the 
comparison map to be surjective . 

• The Strong £ l -Bass Conjecture. Here one is interested in determining the image 
of the Chern character c/z* : K{(l x (G)) -> HCT \H V , L (G)) [JOR1]. In this case, 
the problem of showing that the image lies in the "elliptic summand" amounts 
to proving the injectivity of the comparison map (for suitable choice of X). 

Of course, both properties hold when is bijective, i.e., when G or more precisely 
(G,L) is isocohomological [Ml, M2]. In fact, up until this point, all proofs of either 
injectivity or surjectivity for a given bounding class have arisen by a verification of 
this stronger isocohomological property. The first type of result in this direction 
is due to the first author, who showed in [J] that HCf° p (H v>L (G)) ^#C*(C[Gj) for 
groups of polynomial growth. Subsequently, it was determined independently by the 
second author in [01] and R. Meyer in [Ml] that (G,L) is V -isocohomological in 
the case G admits a synchronous combing. Moreover, in [01] it was shown that 
isocohomologicality with arbitrary coefficients, or strong £> -isocohomologicality , (at 
least for B = V) followed for HF°° groups whenever all of the Dehn functions 
(as defined in [01]) were polynomially bounded. This last result was significantly 
strengthened by the first and third authors in [JR1], where it was established (again for 
B = V), that strong V -isocohomologicality for an FP°° group was actually equivalent 
to the existence of polynomially bounded Dehn functions in each degree. From this 
the authors were able to conclude that the comparison map (with X = pt), fails to be 
surjective for rather simple groups when one allows non-trivial coefficients. However, 
still unknown for the standard word-length function on G and the polynomial bounding 
class V, or more generally any bounding class B containing the linear polynomials C, 
were answers to the following questions: 

Ql. Is the comparison map &* B = $* B (G) : BH*(G) -> H*(G) always surjective? 
Q2. Is ®* B {G) always injective? 

Q3. If G is an HF°° group, are the higher Dehn functions of G V -equivalent to the 
first Dehn function of G? 

In fact, it was conjectured by the second author in [01] that the answer to the third 
question was "yes", given that all known examples at the time suggested this to be the 
case. Nevertheless, one of the consequences of the results of this paper is 
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Theorem A The answer to each of these questions is "no". 
Precisely, we show 

Al. (following Gromov) There exists a compact, closed, orientable 3 -dimensional 
solvmanifold M\ ~ K{G\,\) with a 2-dimensional class t% 6 H 2 {M{) = 
H 2 (Gi) which is not £>-bounded for any B -< £, the bounding class of simple 
exponential functions. 

A2. There exists a compact, closed, orientable 5 -dimensional solvmanifold Af| ~ 
K(G2, 1), where the first Dehn function of G2 is quadratic, but the second Dehn 
function is at least simple exponential. 

A3. If B is a bounding class with B y C, and G is a finitely-presented FL group 
(meaning BG is homotopy-equivalent to a finite complex) for which the compar- 
ison map $g is not surjective with respect to the standard word-length function 
(as in (Al.)), there is another discrete group $(G) depending on G "up to homo- 
topy" for which the comparison map is not injective with respect to the standard 
word-length function on #(G) . Moreover, if B y V, then $(G) can be taken to 
be also of type FL. 

Somewhat surprising is the sharpness of these results. For (Al.), this is the simplest type 
of finitely -presented group and smallest cohomological dimension in which surjectivity 
with trivial coefficients can fail. In the case of (A2.), we note that a linear first Dehn 
function implies the group is hyperbolic, in turn implying that all of the higher Dehn 
functions are also linear. Moreover, there is an isoperimetric gap that occurs between 
degree one and two, so that if the first Dehn function is not linear, it must be at 
least quadratic - the smallest degree for which the second Dehn function could be 
non-polynomial, or even non-linear. Finally, (A3.) provides, for each bounding class 
B y V an injection from the set of (isomorphism classes of) finitely-presented FL 
groups with non-surjective comparison map to the set of (isomorphism classes of) 
finitely-presented FL groups with non-injective comparison map. 

Up until now, the main problem in studying either £>-isocohomologicality or strong 
£>-isocohomologicality has been the absence of appropriate computational tools. The 
difficulty in extending classical techniques lies in the analysis of the group structures 
and the geometry of the associated Cayley graph. The primary goal of this paper is to 
develop systematic methods for calculating B -bounded cohomology, and to establish 
isocohomologicality for a good class of groups. One such class consists of group 
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extensions where the normal and quotient groups are isocohomological with respect to 
the restricted and quotient length functions induced by the length function on the middle 
group. The other main class of groups considered are those associated with developable 
complexes of groups; this includes the class of relatively hyperbolic groups. The main 
computational techniques introduced are the Hochschild-Serre spectral sequence in 
B -bounded cohomology associated to an extension of groups equipped with length 
functions, and the Serre spectral sequence in B -bounded cohomology for developable 
complexes of groups. As has been noted by Meyer in [M2], the category in which 
one does homological algebra in the bornological framework is almost never abelian, 
which makes the extension of homological techniques from the non-bounded to the 
bounded setting problematic. Among the results included below, we have 

Theorem B Let G be a finitely presented group acting cocompactly on a contractible 
simplicial complex X without inversion, with finitely generated stabilizers G a for each 
vertex a in X, and with finite edge stabilizers. Suppose also that X is equipped with the 
1 -skeleton weighting, and all of its higher weighted Dehn functions are B -bounded. 
Then if each G a is strongly B -isocohomological, G is as well. 

In [Os] and [BC] the notion of the first unweighted 'relative Dehn function' is introduced 
for a group relative to a family of subgroups. This relative Dehn function is well- 
defined for developable complexes of groups with finite edge stabilizers; in particular 
for relatively hyperbolic groups. Intuitively, the unweighted relative Dehn functions 
bound 'relative fillings' of relative cycles in a 'relatively contractible space'. Thus, 
one expects that the comparison map from B -bounded relative cohomology to non- 
bounded relative cohomology is an isomoiphism when the relative Dehn functions are 
appropriately bounded; i.e. the group is relatively isocohomological with respect to 
the family of subgroups. 

Now it should be noted that the existence of Dehn functions, even in the absolute setting, 
is not guaranteed by the existence of a nice resolution. In general, one needs to work 
with weighted Dehn functions where the weighting degreewise is either equivalent 
to a weighted i^-norm associated to a proper weight function on an additive set of 
generators, or is one over which there exists some geometric control. Using the 
1 -skeleton weighting, we show 

Theorem C Suppose the finitely presented group G is HF°° relative to a finite family 
of finitely generated subgroups % . Then the following are equivalent. 
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(1) The weighted relative Dehn functions of EG relative to E% are B -bounded. 

(2) G is strongly £>-isocohomological relative to 7i. 

(3) The comparison map BH*(G, %;A) — > H*(G, T~L;A) is surjective for all bornolog- 
ical T-Ls,l (G) -modules A. 

We should also remark that, as in the case of relative group cohomology [ Au , BE2] , there 
is a long-exact sequence in B -bounded cohomology relating the bounded cohomologies 
of the subgroups and the group with the B -bounded relative cohomology of the pair. 

An outline of the paper is as follows. 

In section2, werecailfrom [JOR1] some basic terminology regarding bounding classes, 
and the setup for denning the G-equivariant B -bounded cohomology of bornological 
algebras and weighted complexes. We also define what we mean by a Dehn function 
in this paper. For FP°° groups, there are a number of different ways for defining Dehn 
functions, the most natural being algebraically defined Dehn functions which take into 
account the action of the group G . Also in this section we construct some basic pairing 
operations between B -bounded homology and cohomology that are used later on. 

In section 3, we show 1 that asynchronously combable groups are type HF°° , via an 
explicit coning argument that allows us in section 3.2 to show that if the combing 
lengths are B -bounded, so are all of the Dehn functions of G. We also extend the main 
result of [JR1] to arbitrary bounding classes B. 

In section 4, we generalize the constructions and results of section 3 to the relative 
context. We begin by establishing a relative version of the Brown and Bieri-Eckmann 
conditions used to establish homological or homotopic finiteness through a given 
degree. In section 4.2, we introduce the higher dimensional relative Dehn functions in 
several different, but equivalent ways. In section 4.3 the notion of relative B -bounded 
cohomology is developed and shown to fit into a long-exact sequence similar to the 
long-exact sequence in non-bounded relative group cohomology. The notion of relative 
£>-isocohomologicality is introduced and related to the higher relative Dehn functions. 
This relationship is then examined in the case of relatively hyperbolic groups and 
groups acting on complexes. 



'This result has also recently been obtained in [BRS], using more geometric techniques. 
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In section 5, we construct in BH*(-) the i) Hochschild-Serre spectral sequence as- 
sociated to an extension of groups with word-length, and ii) the spectral sequence 
associated to a group acting on a complex. These spectral sequences closely resemble 
their non-bounded counter-parts, and, as we mentioned above, provide the main tools 
for computing B -bounded cohomology. 

Finally, in section 6, we examine specific examples, beginning with duality groups 
(in the sense of Bieri-Eckmann). A striking fact, proved in section 6.2, is that B- 
isocohomologicality for an oriented n -dimensional Poincare Duality group G is guar- 
anteed by the £>-boundedness of a single cohomology class in H n (G x G) coming 
from the restriction of the Thorn class for the diagonal embedding, i.e., the "dual" 
fundamental class of G. For fundamental groups of compact oriented manifolds with 
connected boundary, S-isocohomologicality is guaranteed by a B -bound on two sepa- 
rate cohomology classes. In section 6.3, we introduce the notion of a ^-duality group, 
and show that when the fundamental homology class in B -bounded homology is in the 
image of the homology comparison map, the cohomology comparison map is injective 
for all coefficients. Finally, in sections 6.4 and 6.5, we discuss the examples mentioned 
in (Al.) - (A3.) above. 

The second author would like to thank Ian Leary for an illuminating remark regarding 
[L]. The first and third authors are grateful to Denis Osin for his communications 
relating to complexes of groups, relative Dehn functions, and the Arzhantseva-Osin 
example of an exponential growth solvable group that has quadratic first Dehn function, 
[AO]. 
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2 Preliminaries 



We discuss some constructions and terminology that will be used throughout the paper. 



2.1 Bounding Classes 

Let S denote the set of non-decreasing functions {f : R + — > Suppose <fi : 

S" — > S is a function of sets, and B C S. We will say that B is weakly closed 
under the operation <fi if for each n -tuple (fi, ■ ■ ■ ,f n ) € B", there exists an/ G B with 
Wij/2) • • • )/n) </• A bounding class then is a subset of £> C 5 satisfying 

(£>C 1) it contains the constant function 1 , 

(BC2) it is weakly closed under the operations of taking positive rational linear combi- 
nations 

(BC3) it is weakly closed under the operation (f,g) h4 / o g for g G £, where £ 
denotes the linear bounding class {f(x) = ax + b \ a,b G Q+}- 

Naturally occurring classes besides C are B TOn = {Q + } , V = the set of polynomials 
with non-negative rational coefficients, the set 6 = -{V , / G £}, and B max = S. 
A bounding class is multiplicative if it is weakly closed under multiplication, and 
composable if it is weakly closed under composition. More generally, given bounding 
classes B and B' , we say B is a left resp. right B' -class if B is weakly closed under left 
resp. right composition with elements of B' (thus, for example, all bounding classes 
are right ^-classes by (BC3)). 

Basic properties of bounding classes were discussed in [JOR1]; for technical reasons 
only composable bounding classes were considered in that paper, however, all of the 
results of of [JOR1, § 1.2] apply for this larger collection of classes. We write B' <B 
if every / G B' is bounded above by some element / G B, with equivalence B' ~ B if 
B' <B and B < B' . Finally, B' < B if B' < B but B' is not equivalent to B. 

Given a weighted set (X, w) and / G S, the seminorm | \f on Hom(X, C) is given by 
\<t>\f'= Exgx W)\f{w{x)). Then H BjW (X) = {f : X C | 1^ < oo V/ G B}. The 
most important feature of Hq jW (X) is that it is an algebra whenever X is a semi-group 
and w is sub-additive with respect to the multiplication on X. If X has a unit, then 
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so does Hb, w Q0- We will mainly be concerned with the case (X,w) = (G,L) is a 
discrete group equipped with a length function L (meaning a function L : G — > R + 
subadditive with respect to the multiplication on G , and invariant under the involution 
g ^ g~ l ). The length function L is called a word-length function (with respect to a 
generating set S) if L(l) = 1 and there is a function (f> : S — > M + with 



When the generating set S is finite, taking = 1 produces the standard word-length 
function on G. 



2.2 The FP a and HF a conditions 

In this paper the term complex will refer either to a simplicial complex, polyhedral 
complex, or simplicial set. For a complex X, we say X is type HF a (a < oo) if 
\X\ ~ \Y\ where 7 is a CW complex with finitely many cells through dimension 
a. This notion clearly defines an equivalence relation on the appropriate category 
of complexes, and admits an equivariant formulation: for a discrete group G which 
acts either cellularly or simplicially, a G -complex X is type G — HF a if there is a 
strong G-homotopy equivalence X ~ Y with Y having finitely many G -orbits through 
dimension a. A group G is type HF a if its classifying space BG is type HF a , or 
equivalently, if EG is type G — HF a . 

When a is finite and X is a simplicial complex resp. simplicial set resp. polyhedral 
complex, the HF a condition is equivalent to saying X~Fa simplicial complex resp. 
simplicial set resp. polyhedral complex with Y (a ^ finite. When a = oo and X is a 
polyhedral complex, then X is type HF°° iff X ~ Y a polyhedral complex with Y^ n ' 
finite for all n < oo . However, if X is either a simplicial set or simplicial complex, the 
HF°° condition is equivalent to the weaker statement X ~ Y = lim Y„ a direct limit of 
simplicial sets resp. simplicial subcomplexes, with the inclusion Y n ^4 Y inducing an 
n -connected map of spaces \Y n \ <-4 \Y\. 

For discrete groups, the condition HF a is equivalent to requiring that G is finitely- 
presented and type FP a . The standard FP a condition - that Z admits a resolution 
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over Z[G] which is finitely-generated projective through dimension a - is now known 
to be strictly weaker than requiring G to be HF a when G is not finitely-presented. 
Because the framework used in this paper for defining Dehn functions is algebraic, our 
primary focus will be on discrete groups of type FP a . Again, we remind the reader 
that FP a is equivalent to FF a - the condition that Z admits a resolution over Z[G] by 
free Z[G] -modules which which are finitely-generated through dimension a 



2.3 B -homology and B -cohomology of algebras 

There are a number of different settings in which one can develop the theory of 13 - 
bounded cohomology for non-discrete algebras. For arbitrary B, the most natural 
is the bornological framework introduced by [M2, M3]. Given a bornological alge- 
bra A and bornological A -modules M and N, the derived functors Tor^(M,A0 and 
Ext^(M,A0 are computed in the bornological category using standard constructions 
from homological algebra, with the constraint that projective or injective resolutions 
used are contractible via a bounded linear contraction. 

Before defining homology and cohomology, we want to point out that in both cases 
there is a "bornologically correct" reduced theory and an "algebraically correct" unre- 
duced theory. In general, given a chain complex (C*,rf#), or a cocomplex (D*,d*), 
of bornological vector spaces with bounded differential, we distinguish between the 
algebraic (co)homology groups 



K(C*) := {H n (C*) = ker(4)/im(J, 1+1 )}, H*(D*) := {H n (D*) = ker(<f Vim^" 1 )} 



HliC,) := {#„(£*) = ker(4)/im(4+i)}, H* b (D*) := {H"(D*) = k e r(d")/im(d»~ 1 )} 



Thus given a bornological algebra with unit A , bornological A -modules Mi , Mi , 
projective resolutions P'. of M, over A , and an injective resolution Q. of M2 over A 



(2) Ext; jX (Mi , M 2 ) := H;(Hom b A dd {Pl , M 2 )) = //;(Hom^(Mi , Q.)), x = a,b 



and the bornological (co)homology groups 



(1) 



Tor^ x (Mi,M 2 ) := Hl{P\®M 2 ) = HI{MSp 2 .), x = a,b 
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Here Hom^ (_) denotes (in each degree) the bornological vector space of bounded 
A -module homomorphisms. In cohomology, there are two other intermediate groups 
one can define: 

LExt* A a {M\ ,M 2 ):= H*(Uom A (Pl , M 2 )) RExt* Aa (M\ , M 2 ) := *(Hom A (Mi , Q.)) 

where Hom^ d<:/ (_) is replaced degreewise by the larger Hom A („) consisting of all 
A -linear maps, forgetting the homology. This is equivalent to re-bornologizing in 
each degree with the fine homology (after forming the resolution using the original 
homology), and then computing Ext. Finally, one has the purely algebraic groups. Let 
B s denote B equipped with the fine homology. Let R[ denote a projective resolution 
of Mf over A s , and S. an injective resolution of M\ over A s , then 

Torf (Mi, M$) ■= H*(R\ ® Mf) = #*(M? <g> R 2 .) 

A s A s 

Ext* 5 (Mf,M|) := H*(Hom A s(R l .,M%)) = //*(Hom A ^(Mf , S.)) 

We remai - k that this definition applies as well when Mi are differential graded (aka DG) 
bornological A -modules, by which we mean DG objects in the category of bornological 
A -modules. 



2.4 B -homology and B -cohomology of weighted complexes 



A weight function on a set S is a map of sets w : S — >• M + . Fix a weighted set (S, w) , 
and write C[S] for the vector space over C with basis S. For a bounding class B, we 
may define seminorms on C[S] by 



2 a > j 

ses 



f 



ses 



If (G, L) is a discrete group with length function L, a weighted G-set is a weighted set 
(S, w) with a G -action on S satisfying 



(3) 



w(gs) < C ■ L(g) + w{s), VgeG,seS 



Let Hb, w (S) denote the completion of C[S] with respect to the seminorms in (3). Then 
Hb,w(S) may be viewed as a bornological vector space, which is Frechet if there exists 
a countable bounding class B' with B ~ B' . Note that C[S] is a module over C[G] in 
the usual way: XtgdiT, Pj s j) = E,,/ ^ifijgiSj- 
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Proposition 1 The module structure of C[5] over the group algebra C[G] extends to 
a bounded bornological Hg L {G) -module structure on //g jH ,(S). 

Proof This follows by the same estimates as those used to show Hg ^G) is an algebra: 

S A ^0 (E A ^ 2 



E 



f 

f(w(s)) 



^E( E \^K\f(L(gi)+Ms2))) 

s€S \giS2=s / 



^ E ( E |A gl A J2 |/(2w( J2 )) I + E ( E |A gl A. 52 |/(2L( gl )) 

5i = 5 \giS2=.s,£tei)<wC*2) / ses \gii2=i,w(i2)<itei) 



^ E-Wi|, lEvz^ + lE^i^yE^I, < 



do 



II - f 2 l/ 2 1^-11 

where |_|i denotes the ^-norm, and fj € B is any function satisfying f(2x) < 
f 2 (x) Vx. □ 



A weighted simplicial set , respectively weighted simplicial complex , (X, w) is a sim- 
plicial set, respectively a simplicial complex, X = {X,,} n >o together with weight 
functions w n : X n — > M.+ such that for each n and n -simplex a, w n ^i(a') < w n (a) 
when a' is a face of a, and (in the case of simplicial sets) w n+ i(sj(a)) = w n (a) where 
sj represents a degeneracy map 2 . In both cases, we will simply refer to (X,w) as a 
weighted complex . Given a discrete group with length (G,L), a weighted G -complex 
is a G-complex weighted in such a way that for each n, the action of G on (X n ,w n ) 
satisfies equation (3) above. In this case, completing C*(X) degreewise produces a 
bornological chain complex 



BC*(X):={H B!Wn (X„),d„}„ 



When the action of G on X is free, the definition of the G-equi variant B -bounded 
cohomology of X with coefficients in a bornological L (G) -module A is 



(4) 
(5) 



BH* G>X (X;A) := ff;(Hom^ (G) (£C*(X)*,A)), x = a,b 
BH^ X {X;A) := HUBC^X) § A), x = a,b 



H b ,l(G) 



2 The same definition applies to polyhedral complexes, under a mild restriction on the number 
of faces allowed in each dimension. 
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Note that Hom^ (r JBC*(X)*,A) = Hom bdd (BC^X)*, A) G , and BC*(X) § A 

B ' H BiL (G) 

identifies with the quotient of BC*(X)®A by the closure of the image of {Id— g\g £ G} 
where g o (x ® y) = (gx (E> g~ l y)- In general when the action of G is not free, the 
definition is adjusted in the usual way by first replacing these G -fixed-point and G- 
orbit spaces by the larger equivarianf'homotopy fixed-point" and "homotopy-orbit" 
spaces. Let EG denote the homogeneous bar resolution of G, with weight function 
w(go, ■■■,8n) = L(g ) + Yl'Li L (87-iSi)- Then3 

Hom faW 08C*(X)*, A) hG := Hom b H dd L(G) (BC*(EG), Rom bdd (BC,(X%, A)) 
* Kon$g MG> (BC*(EG)®BC*QQ*,A) 
Uom b H dd l(G) (BC*(EG x X),,A); 
(BC*(X)®A) hG := (BC*(EG)®BC*(X)*) ® A 

H b ,l(G) 

^BC*(EGxX)* § A 

H b ,l(G) 

The G-equi variant B -bounded cohomology groups of the weighted complex (X,w) 
with coefficients in the H^ i{G) -module A are given as 

BH Gx (X;A) := H*(}lom bdd {BC if (X) 1f ,A) hG ), x = a,b 
BH G > X (X;A) := Hl(BC*(X)®A) hG ), x = a,b 

When the action of G on X is free, these groups agree with those defined above. They 
also agree with those given in the previous section in terms of derived functors; they 
are simply equalities (1) and (2) where Mi is the (DG) Hq L (G) -module BC*(X). In 
this context, 

(6) BH* Gx (X; A) = BjX* Hbl(G) /BC^{X),A) 

(7) BH G > X {X;A) = Tor" B - L(G) ' x (BC,(X), A) 

with BCJyEG x X) used as a canonical free resolution of BC*(X) over Hq l(G) when 
BC*(X) is not free over H^ l(G) (i.e., when the action of G on X is not free), the 
inclusion of complexes 

C*(EG xX)h BC*(EG x X) 

3 the isomorphism of complexes BC*(EG)®BC*(X)* = BC*(EG x X)» is a special case of 
a more general equivalence to be established in [JOR3]. 
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induces comparison maps 



(8) 
(9) 



$* B : BH* Gx (X;A) ^ H* G (X;A) 
$f : H°(X;A) -> BH^iX-A) 



which are clearly functorial in X, G, and A . 

The B -bounded cohomology groups of (X, w) are computed as the cohomology of a 
subcomplex of C*(EG x X; A) G which can be difficult to describe in general. However, 
when the action of G is free on X and trivial on A , and A is simply a normed vector 
space (e.g., C), then 



(ID 

BC\X/G;A) = {<f> : (X/G) n A | 3f e B 5.?. |<£(x)| </(vv(3c)) Vx € (X/G)„} 



2.5 Dehn functions 

There are two basic environments in which one can consider (higher) Dehn functions. 
We discuss both. 

2.5.1 The geometric setting 

Suppose X is a weakly contractible complex, with boundary map d. Any loop a in 
bounds a disk /3 in X {2 \ d(3 = a. Denote the number of «-cells in a complex 
W by ||W||„. Set Vofaia) = min \\PW2, where this minimum is taken over all disks /3 
in X^ with d(3 = a . More generally, if / : a — > X is a mapping of a combinatorial 
«-sphere to X, there is a map of an (n + 1 ) -ball h : (3 — > X^ n+l) with dh = f, and 
the filling volume off is Vol n+ \(f) = min , where this minimum is taken over 

all combinatorial maps of in + 1) -balls h : j3 — > X with boundary /. For each n, the 
n th geometric Dehn function of X , d\ : N — > N, is defined via the formula 



BH Gx (X;A) = BH*{X/G;A) = H* X (BC*(X/G;A)) 



where 



(10) 



BC*(X/G;A) = {BC"(X/G;A)}n>o 



d'x(k) := max Vol n+ i(f) 
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where the maximum is taken over all combinatorial maps / of n -spheres / : a — > X 
with \\f\\„ < k. In the case n = 1, d\ is often referred to as simply 'the' geometric 
Dehn function of the complex. These Dehn functions give a measurement of the filling 
volume of cycles in X, with d\ being the n th unweighted Dehn function of X. Of 
course, these functions do not exist if the corresponding maximum values do not exist. 

When X comes equipped with a weight w on its cells, there is definition of geomet- 
ric Dehn function which takes that weight into account. Given a complex W and 
combinatorial map / : W — s> X, denote by \\f\\ w ,n the sum ^^g^,,) tv(f(a)). For a 
map / : a — > X of a combinatorial n -sphere a to X, denote the weighted filling 
volume of / by Vol Wjn (f) = min ||&|| W) „ + i , where this minimum is taken over all maps 
h : (3 — > X of combinatorial (n + 1) -balls to X with boundary /. For each n, the 
n th weighted geometric Dehn function of X , d x ,n : N —> N , is defined via the formula 

dx ,n (k) := max Vb/ vv ,„ + i</) 

where the maximum is taken over all combinatorial maps / : a — s> X of n -spheres to 
X with < k. If the weight of each cell is set to one, then d\ and d x ,n are equal 

[Note: For certain choices of weights, the geometric and weighted geometric Dehn 
functions may be comparable. In general, however, if X has geometric Dehn functions 
and weighted geometric Dehn functions denned in all dimensions, there need not be 
any particular relation between the two. If the weight function in each degree is a 
proper function on the set of simplicies, the weighted geometric Dehn functions exist 
in all dimensions. In general, however, the weighted geometric Dehn functions may 
fail to exist if the weight function fails to be proper in one or more dimensions]. 

Assume a non-weighted weakly contractible complex X admits an action by a finitely 
generated group G which is proper and cocompact on all finite skeleta. Then {d' x } n >o 
are referred to as the geometric Dehn functions of G and denoted {<i^}„>o- There 
is a natural way to weight X so that the weighted geometric Dehn functions encode 
information about the group action. Fix a basepoint xq G X (0) . For a vertex v € 
set wx(v) := d x m(xo, v), the distance from v to the basepoint in the 1 -skeleton of 
X, where each edge in the 1 -skeleton is assumed to have length 1. For an rc-ceil 
a £ X (n) with vertices (vo, . . . , vu), let wx(cr) := Xw=i w x{vd, the sum of the weights 
of the vertices. Changing basepoints yields different weight functions, but if for each 
n there is a bound on the number of vertices an «-cell can possess, then the two weight 
functions will be linearly equivalent. We refer to this choice of assigning weights to 
cells as the 1 -skeleton weighting . For this choice of weight on X there is, for each 
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n > 0, a constant K n with 

w x (g ■ o)<K n - £ G (g) + wx(cr) 

for all n -cells cr (compare to (3) above), where £q denotes the word-length function 
of G with respect to some fixed finite generating set. In this case, the G -action can be 
used to compare d\ with d x ' n . Up to equivalence, one has [JR1, Lemmas 2.3, 2.4] 

(12) < (d n x (k)) 2 , d n x (k) < kd^'\k 2 ) 



2.5.2 The algebraic setting 

In the literature, it is the geometric Dehn functions that have received the most attention. 
Our focus, however, will be on the homological version of the above constructions. 
Suppose (C*, d*) is an acyclic chain complex of free Z-modules. Denote by {v; | i G 
Z}, a basis of C„ over Z. Given an element a = ^' v ' °^ C*, set \\ a \\" := 

2~^/ex I • For a G C„ a cycle, let Vol n+ \(a) := min ||/3||„+i , where this minimum is 
taken over all (3 G C n+ \ with d n+ i((3) = a. Define a function d ll c : N — > N by 

d n c (k) := max {Vol n+ \{a) \ d n {a) = 0, ||a||„ < k} 

The function d n c is the n th unweighted homological Dehn function of C* . These Dehn 
functions measure the filling complexity of the chain complex C* . As before, these 
Dehn functions do not exist if the corresponding maximum values do not exist. 

When the C„ come equipped with a weight function w on its basis, homological Dehn 
functions can be defined so as to take that weight into account. For a = ^i v i> 
let ||a|| Win := Yl,i£X \^i\ w ( v i)- If a is a cycle, the weighted filling volume of a is 
Vol Wjll+ \(a) := min ||/3|| Wi ,,+i , where this minimum is taken over all j3 G C n+ \ with 
d n+ \{P) = a. Define the n th weighted Dehn function of C* , d^ n : N — > N, by 

dc''\k) := max {Vb/ W) „ + i(a) | d n (a) = 0, |H|» V , < k} 

If the weight of each basis element is set to one, then d n c = d^'" . For certain choices 
of weights, the unweighted and the weighted Dehn functions may be comparable. In 
general, however, no relationship needs exist between the two. 

Now suppose G is an FP°° group equipped with word-length function L, and C* is 
a resolution of Z over Z[G] which in each degree is a finitely generated free module 
over Z[G] . In this case, the collection {d'^} are referred to as the Dehn functions of G , 
denoted d n G . We will call the resolution C* fc-nice (k < oo) if 
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• for each finite n <k, C n = Z[G][T„] for some finite weighted set (T n , wj); 

• for each finite n > 0, S n (= the orbit of T n under the free action of G) is 
equipped with a proper weight function wf t satisfying 



for positive constants C\ itl < Cip depending only on n; 

• for each finite n, d% : C n — > C„„i is linearly bounded with respect to the weight 
functions on C„ and C n _i. 

The term "nice" will refer to the case k = oo. The weighted Dehn functions of G 
(through dimension k if k is finite) are given by {d^" := d H c '"}„<& where C* is a 
k-mce resolution of Z over Z[G] . Both and J^' " are independent of the particular 
choice of &-nice resolution used in their definition, up to linear equivalence. For such 
resolutions, the fact T n is finite for each finite n < k means that the linear equivalence 
classes of the Dehn functions {d^" } are independent of the choice of weightings on 
{T n }. Finally, a resolution D* of C over C[G] is fc-nice resp. nice if it is of the form 
= C* <g> C where C* is a &-nice resp. nice resolution of Z over Z[G]. 

Lemma 1 Let G be an FP k group equipped with word-length function L, C* a k-nice 
resolution ofL over Z[G], = C* 18> C, and B and B' hounding classes. Suppose 
that the weight w on the weighted set underlying C* tales no value in (0, 1). Denote 
by BD* the corresponding Frechet completion of D* with respect to the bounding 
class B, as defined above. Further suppose that the weighted Dehn functions {^'"} 
are B' -bounded in dimensions n < k, that B is a right B' -class, and that B >z £■ ■ Then 
there exists a bounded chain null-homotopy {s„+i : BD n — > 6D„ + i}i>,,>o, implying 
BD* is a continuous resolution of C over (G) through dimension k. 

Proof Note first that the "niceness" of C* guarantees that boundary map d% : C„ — > 
C n -\ extends to a continuous boundary map d n : BD n — > BD n ^\. We will prove the 
lemma in three steps. 

Claim 1 For each k > n > 1 , there exists a function /„ G B' so that for all a G ker(<i^) 



and h G B, there exists (3 a G C„+i with d% ((3 a ) = a, and |/3 a |/, < (h ° 



C hn L(g) + w T n {t) < wl{gt) < C 2 , n L(g) + w T n (t) VgeG,teT n 




Proof. The hypothesis on {d^'" } implies that for each n < k there exists /„ G £>' 
with 



Vol w>n+ i(a) <f n (\\a\\ Wi „) Va G ker(cff) 
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Then for a = Y^ m ijg<tj E ker(d£), we may choose f3 a = Yl n kigkSi G C n+i 
with d^ +l (Pa) = a and 



||A*IL,„ + 1 = ^2 \ n klWn+l(gkSl) <fn \m,j\w n (gitj)) =f„ (||a||w,n) 

Since B >z C, we may assume that h € B is super-additive on the interval 
[1, oo). One then has 



:= ^2 \n k i\h{w n+ i{g k si)) 

- h W2 \ n kl\ w (SkSl)) 



by the super-additivity of h 



h . 

" M "llw,n+1 

<(h ofn)(\\a\\ w , n ) 



Claim 2 For each k > n > — 1 there exists a B -bounded linear section sf l+l : C„ — > C 



// 



satisfying djj; 



c _c 

+ l i n+l 



-n+1 



Proof. The case n = —1 is trivial since any basis element of Co determines 
a linear injection Z = C_i — ► Co which is bounded. Assume ^ has been 
defined. Let p n = (Id — s„d„) : C n — > ker(cff); this projection onto ker(cff) 
is bounded via the boundedness of s n . Thus we may find an f n € B' with 
||PnWlU,n <fL (\\A\w,n) for all x € C„ . Let/" =f n of' n . For each basis element 
gitj <E C n , set s„ +1 (gitj) = Pp n {gitj), as denned in the above Claim. Then for each 
super-additive h € B, 



(8i*j)\, 



'Mh 



\Ppn(gltj) 

< (hof n )(\\p n (gitj)\\ Win ) 

< (h °fn Ofn) \\gitj\\ w> „ = (h 0f^(w n ( gi tj)) 

Extending sf t+l linearly to all of C n yields the desired result. 



// 



Claim 3 For each k > n > — 1, the linear extension of s^ +l to D n yields a B -bounded 
linear map s® +l : D„ — > D n+ \ . 

Proof. This follows from the sequence of inequalities 
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< 



Yl \ X 'j\ \ S n+l(8itj)\ h 



hofn 



II 



This completes the proof of the lemma. We should note that the definition of weighted 
Dehn function could be considered for more general resolutions of C over C[G] which 
do not arise from tensoring a nice resolution of Z over Z[G] with C. However, for 
this more general class, it is likely that the statement of this lemma no longer holds 



It appears that not allowing your proper weight function w to take values in (0, 1) is 
restrictive, it is always possible to find a linearly equivalent proper weight function 
w' which takes values in Z + . While the weight structure may change slightly, the 
completions arising from using the two weights will agree. In many cases, for example 
the 1 -skeleton weighting discussed above and in [02], the naturally occurring weight 
function is integral-valued. 

In the proof of Claim 1 above, the existence of a function h € B which was superadditive 
on [0, 1). To this end suppose / and g are differentiable functions, and consider the 
following property: 

There exists a C > such that for all x > C 



Restrict to the case where g is the linear function g(x) = rx, for r > 1 a real number. 



true. 



□ 



f(g(x)) > g(f(x)). 



A sufficient set of conditions to guarantee this is: 

(1) f(g(C))>g(f(C)). 

(2) mm' > ig(f(x))Y. 



Then 



(f(g(.x))Y 
(g(f(x))Y 



(f(rx))' = rf'{rx) 
rf\x) 



In this case condition (2) is just the requirement that/'(r^) >f'(x),r > 1, i.e., that/' 
is non-decreasing. If /(0) is required to be > 0, then taking, say, C = 1 this condition 
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becomes /(r) > rf{\). If B >z C, this shows that B contains functions which are 
superadditive when restricted to [1, oo). 

Corollary 1 Let G be a finitely generated group acting properly and cocompactly 
on a contractible polyhedral complex X, with finitely many orbits in each dimension, 
and endowed with the 1 -skeleton weighting. If the integral polyhedral chain complex, 
C n (X; Z), admits B' bounded weighted Dehn functions and B is a right B' -class, then 
the Frechet completion BC n (X; C) gives a continuous resolution of C over (G). 
In particular if C„(X; Z) admits polynomially bounded weighted Dehn functions, so 
does C n (X;C). 

Remarks 

• It is a result due to Gersten that for finitely-presented groups, the first algebraic 
and first geometric Dehn functions are equivalent. However, in dimensions 
greater than one, it is not at all clear if such a relation persists even when both 
types are defined. The one case in which one can prove an equivalence is when 
there is a G — HF°° model for EG admitting an appropriate "coning" operation 
in all dimensions with explicitly computable bounds on the number and weights 
of the simplices used in coning off a simplex of one lower dimension (such is 
the case when G is asynchronously combable - see below). 

• For finitely generated groups, word-hyperbolicity is equivalent to having d G 
bounded by a linear function. Hyperbolic groups provide interesting phenomena 
in the context of Dehn functions. A prime example is the isoperimetric gap. If 
d l G is bounded by a function of the form n r with r < 2 , then d G is bounded by a 
linear function [Gr, 01]. In particular if G is not hyperbolic, then d G must be at 
least quadratic. On the other hand, it is well known that for a hyperbolic group 
G , the functions d G are linearly bounded in every dimension n . The geometric 
characterization of the isocohomological property discussed in Section 3.2 below 
implies that d G ' n are all linearly bounded Dehn functions, providing a bounded 
version of the FP a condition described above. 

This idea of combining boundedness with the FP k condition is made precise by 

Definition 1 Given a bounding class B and a group with word-length (G,L), we say 
G is of type BFP k (k < oo) if it is of type FP k , and the completion BD* of a k-nice 
resolution of C over C[G] admits a bounded linear chain contraction through 
dimension k (or in all finite dimensions if k = oo ). 
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2.6 Products, coproducts and pairing operations 

Throughout this section we assume B is multiplicative. Let (X, wx) and (F, wy) be 
a weighted simplicial sets. Then their product (X x F,wj x wy) is again a weighted 
simplicial set, where X x F is equipped with diagonal simplicial structure. It follows 
from the definition of a weighted complex that the Alexander- Whitney map 



is uniformly bounded above in each dimension n by a linear function of n . As a result, 
this chain map extends to a chain map 4 

BA AS : SC*(X x7)4 BC*(X)®BC*{Y) 

The shuffle product map in the other direction 

V : C(X) ® C*(F) -»• C*(X x F) 

is uniformly bounded in the same way, yielding a chain map BC*(X) <g> BC*(Y) — >■ 
B{X x F) which is bi-bounded, and therefore factors as 

(13) BV : BC*(X) ® SC*(y) -> SC*(X)g,BC*(y) -> SC*(X x F) 

The following is a special case of a more general equivalence that will appear in [JOR3]. 

Theorem 1 (Kunneth Theorem) For all weighted simplicial sets (X, wx), (F,wy), 
BAas ° BV = id, while BV o BAas — id by a B -bounded homotopy natural with 
respect to morphisms of weighted sets, resulting in bornological chain equivalences 



In fact, the equality BAas ° B V = id follows from the the classical identity A^s o V = 
id by continuity. The second equality follows the classical proof via acyclic models, 
refined so as to accommodate the weight function. 

Interestingly, even though in general there is no DG coassociative coalgebra structure 
on BH*{X), there is a DG associative algebra structure on BH*(X) for x = a, as 
Theorem 1 produces an isomorphism 



A AS : C*(X x7)4 C*(X> ® C*(F) 



(14) 
(15) 



BC*(X)®BC*{Y) ~ BC*(X x F) 
BC*(X x F) ~ 5C*(X) (8) fiC*(F) 



(16) 



BH*(X x F) ^ BH*(X) ® BH*(Y) 



4 In general this map will not factor by the algebraic tensor product unless either X or Y is 
finite in each degree 
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by which one can construct a cup-product operation on BH*(X) in the usual way. 
It is not clear if the groups BH^(X) admit a similar product structure in the cases 
where BH*(X) ^ BH£(X). For this reason, we adopt the following convention for the 
remainder of the paper 

Convention 1 Unless otherwise indicated, £>//*(_) will mean BH*(_); more gener- 
ally, BHq(^) will mean BH* G a {-). 

From the definitions of //*(_) and //*(_) there is an obvious Kronecker-Delta pairing 

BH*(X) <g> BH*(X) -> C (c,d) i-K c,d >, x = a, b 

More generally, an analysis of the standard cap product operation on the chain and 
cochain level yields a cap product operation 

BH*(X)®BH*{X) -> BH t (X), (c,d)^cDd, x = a,b 

Finally, via the shuffle product map in (13), we have a slant-product operation 

BH\X X Y) ® £#*(F) -»■ BH*(X), (c, d) ^ c/d, x = a,b 

These operations satisfy the appropriate commuting diagrams with respect to the com- 
parison map $g and , leading to the identities 

(17) < $£(c), d >=< c, $f (d) >, c € B#*(X), c? € #*(X) 

(18) $%(c)/d = c/§*(d), c£BH*(XxY), d e H*(Y) 

(19) ^(c)nrf = cn$f(4 ceBH*(X), deH*(X) 
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3 B cohomology of discrete groups 



3.1 Combable groups 

Call a function a : N —¥ N a reparameterization if 

• (7(0) = 0, 

• a(n + 1) equals either a(n) or a(n) + 1 , 

• lim a(n) = oo 

n— >oo 

Definition 2 Let (X, *) be a discrete metric space with basepoint. By a combing ofX 
we will mean a collection of functions {f n :X—> X} n >o satisfying 

(CI) f (x)=x Vx ex 

(C2) There exists a super-additive function tp such that Vx,y € X, there are repa- 
rameterizations a and a' with d(f a ( n )(x),f a i( n) (y)) < tfj(d(x,y)) for all n > 0. 

(C3) 3X such that Vx € X, n G N, d(f n (x),f n+1 (x)) < A 

(C4) 3(j) such thatf n {x) = * Mn > <j)(d(x, *)) 

Remarks: 

• As noted in the introduction, the combings above are oriented in the opposite 
direction than what has been customarily the case. 

• Axiom (C2) allows for what are typically referred to as asynchronous combings, 
with synchronous combings corresponding to the case that the reparameteriza- 
tions are the identity maps. Note also that 

• the reparameterizations a, a' in (C2) depend on x and y. 

Definition 3 Given a discrete group G equipped with a (proper) length function L, a 
combing of G (with respect to L ), or (G, L) , is a combing of the discrete metric space 
(G,d L ), where d L (gi,g 2 ) := L(g^ 1 g 2 ). 

We first show that reparameterizations can be chosen so as to be compatible on specific 
(n + 1) -tuples. 
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Lemma 2 Suppose [G, L) admits an asynchronous combing in the above sense. Then 
for all (m+l)-tuples (g Q , . . . ,g m ) € G (m+1) , there exist reparameterizations a ,. . . , a m 
such that 



Proof By definition it is true for m = 1 . Assume then it is true for fixed m > 1 . 
Given an (m + 2) -tuple (go, ■ ■ ■ , gm+i), we may assume by induction that 

• There exist reparameterizations <r ,...,<T m with d(f (Ti(n) (g i ),f (Ti+l(n) (g i+1 )) < 
i>(d{gi,g i+ \) for all n > 1, and 

• There exist reparameterizations a' m ,a' m+l with d(f^ m ( n )(g m ),f a > m+i(n) (g m+ i)) < 
ip(d(g m ,g m+ i)) for all n > 1 

We need to show that the reparameterization functions can be further reparameterized 
so as to synchronize a m and a' m . For this we proceed by induction on k £ N = the 
domain of the reparameterization functions. 

k = By definition, a m (0) = a'JO) = 0. 
k > Suppose <r m (z') = <j' m {i) for < / < k. 

Case 1 (Tffi(k + 1) = cr' n (£ + 1)- In this case there is nothing to do. 

Case 2 a m ik + 1) = a m (k),a' m (k + 1) = a' m (k) + 1. In this case we leave a m 
alone, and redefine a' m , o' m+x : 



Case 3 a m (k + 1) = a m (k) + l,a' m (k + 1) = a' m (k). In this case we leave a' n 
alone, and redefine ao, ■ ■ ■ , o m : 



Thus by induction on k, we may choose reparameterization functions ctq, . . . , a m , a' m , a' n 



(51) o"o, ... , o~ m satisfying the conditions of the Lemma for the (m+l)-tuple (go, . . . ,g m ), 

(52) a' m , o~' m+l satisfying the conditions of the Lemma for the pair (g m , g m +i), 



Mn > 0, d(f m (n)(gi)Ja i+1 (n){gi+\)) < ^(4(gi, gi+l)) 





with 



(S3) a m = a' n 
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Setting o- m+ \ := cr' m+l then concludes the proof of the initial induction step, and hence 
of the Lemma. □ 

Definition 4 We say that a metric space (X, d) is quasi-geodesic if there exist positive 
constants e, S, and C such that for any two points x,y G X, there is a finite sequence 
of points xq = x,xi,X2, ■ ■ ■ ,Xk = y satisfying: 

(1) e < d(xi,Xj + i) < S for i = 0, 1, . . . , k — 1. 

(2) d{x Q ,xi) + d(x u x 2 ) + . . . + d(x k _i,x k ) < Cd(x,y). 

As we are concerned primarily with connected complexes, all metric spaces we consider 
will be assumed to be quasi-geodesic. 

Lemma 3 Suppose {f„ : X — > X} n>0 is an asynchronous combing of a quasi-geodesic 
metric space (X, d) . There exists a positive constant K such that for all x, y G X, there 
are reparameterizations a and a' such that for all n > 0, <i(/ CT (n)(^),/ CT '(»)C) ; )) < 
Kd(x, y) . 



Proof Let xq = x, xi,X2, ■ ■ ■ ,x k = y be given by the quasi-geodesic property. By 
lemma 2 there are reparameterizations, a,-, such that rf(f CTi (n)fe))/<T i+ i(n)fe-(-i)) < ^(S), 
for all n. As k < jd(x,y), the triangle inequality yields dif ao ( n ){x) Ja^iy)) < 
^^d(x,y),foTa\\n. □ 



The next theorem was originally shown for synchronously combable groups in [A], 
and asynchronously combable groups through dimension 3 in [Ge]. Our method of 
proof actually proves more, as we will see in the following section. 

Theorem 2 If (G, L) admits an asynchronous combing in the above sense, then it is 
typeHF 00 . 



Proof Let EG. denote the simplicial homogeneous bar resolution of G . Let G act 
in the usual way on the left, by g ■ (go,gi, . . . ,g„) := (ggo,ggu- • -,ggn)- Define a 
G -invariant simplicial weight function on EG. by 

W n (gO,gU ■ ■ -,gn) ■= ^2d(gi,g i+l ) = ^Ug^gi+l) 
i=0 i=0 

Because L is proper, the orbit {(g , g\ , • • • , g n ) I w n (g Q , g\,...,g n )< N}/G is a finite 
set for each n and N . This orbit may alternatively be described as tt~ (B^(BG n )), 
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where BG. is the non-homogeneous bar construction on G, tt : EG. — > BG. is given 
by n(g ,gi, ■ ■ ■ ,gn) = [gQ 1 gugx l g2,---,gn-iSn\, and b n(~) denotes the iV-ball 
B N {BG n ) := {[g u . . . ,g n ] | E"=i Ugi) < N}. 



Recall that given two simplicial functions ho, hi : EG — > EG, there is a homotopy 
between them represented by the "sum" 

H{h Q ,hi){g Q ,gi,. . . ,g n ) = ^2(-l)'(h (go),h (gi), . . . ,h (gi),hi(gi),h 1 (g i+1 ),.. . ,h { {g n )) 

i=0 



Although we have written this sum algebraically, this should be viewed as a geometric 
sum which associates to the ^-simplex (go,g\, ■ ■ ■ ,g n ) the collection of (n + 1)- 
simplices indicated by the right-hand side, with orientation determined by the coef- 
ficient (—1)'. Geometrically, this collection of (n + 1) simplices, all of dimension 
(n + 1), fit together to form a subset whose geometric realization is homeomor- 
phic to A„ x [0, 1]. In fact, this last statement is true for more general types of 
maps which are not simplicial. In particular, given i) a fixed asynchronous combing 
{f n } of G, ii) a fixed ^-simplex (go, . . . ,g n ) of EG, and iii) a collection of repa- 
rameterizations . . ,o~ n satisfying the condition of Lemma 1 with respect to i) 
and ii), we may consider the 'homotopy" from (f CTo ( w )(go),/o-i(m)(gi), • • • ,U n (m)(gn)) to 
(f<T (m+i)(go),fai(m+i)(gi), ■ ■ ■ Ja n (m+\)(gn)) given by the expression 

(20) H^{f k };m,m+l)(g , gl ,...,g n ) 

n 

'■= ^2(-l)'(fcro(m)(go),fa l (m)(gl), ■ ■ ■ Jaj(m)(gi)Jaj{m+\)(gi)Ja<(m+l)(gi+\ ), • • • Jai{m+\)(gn)) 
(=0 

This is not part of a global homotopy, but still yields a collection of oriented (n + 
l)-simplices whose realization is homeomorphic to A„ x [0,1]. Moreover, these 
homotopies may be strung together, as the "end" of //-({/j.}; m, m + l){go, g\ g n ) 
and the "beginning" of H^({f k };m + l,m + 2)(go,gi, ■ ■ ■ ,g„) match up. 

Given a function / : M + — > M + , write vl n for the weight function 

n-\ 

V^(g0,gl, • • • ,gn) ■= ^2f(d(gi,gi+l)) 

By Lemma 1 and property (C3), 

(21) w n+l (HH{f k };m,m + l)(g Q ,gu- ■ -,gn)) 
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< (n+ 1)( VV n (f CTo ( m )(go),/ e 7 1 (m)(gl), • • • ,f<T„(m)(gn)) 

+ Wn(/CT (w+l)feo)>/o-i(»j+l)(gl), • • • >fcr n (m+l)(gn)) + A 

< (2n + 2) (w^(g ,gi ,•■■,«») + A) 

< (2/i + 2)V» (w„(g ,gi g n )) + (2/i + 2)A 

Equation (21) implies that every simplex in 7t _1 (Ba?(BG„)) can be coned off in 
7T _ (B/y (BG n )) where iV' = (2n + 2)(ip(N) + A)). Of course, degeneracies preserve 
the inequality. In other words, if (go,g\, ■ ■ ■ ,gn) = si(g' , . . . ,g' k ) for some iterated 
degeneracy map sj and ^-simplex (g' , . . . ,g' k ), then the inequality in (21) may be 
improved to 

w n+1 (H^({f k };m,m + l)fe(g' , . . .,g' k )) < (2k + 2^(w k (g' 0l . . . ,g' k )) + (2k + 2)A 

Let X(n) := EGS n \ the simplicial rc-skeleton of EG. For each integer N, let X(u)n '■= 
X(n) (~l it~ i (Bn(BG)). Then X(n) is an n-good complex for G in the sense of [Brl], 
and obviously X(n) = \m\^X(n)^ . Moreover, equations (20) and (21) together imply 

(22) X(n) N -4 X(n) N i is null-homotopic , N' = (2n + 2)(ijj(N) + A) 

By Theorem 2.2 of [Brl], we conclude that G is of type FP" . Then, as G is of type 
FP n for each n, it must be of type FP°° [Br2]. □ 

In fact, the explicit estimates in (21) and (22) allow one to conclude a bit more. We 
will need some terminology. 

Definition 5 A discrete group with word-length (G,L) is B-combable (i.e., B- 
asynchronously combable) if the functions ifi and <f) in (C2)and (C4) are bounded 
above by functions in the bounding class B. 

As indicated above, given a bornological Hb,l(G) -module V, one has the subcochain 
complex BC*(G; V) C C*(G; V) = Hom G (C*(£G), V) consisting of those cochains 
which are bounded in the homology induced by B. The group G, or pair (G,L) 
is called B -isocohomological with respect to V (abbr. V-BIC)) if the inclusion 
BC*(G; V) C C*(G; V) induces an isomorphism of cohomology groups in all degrees. 

BH*(G; V) := H*(BC*(G; V)) 4 H*(G; V) 
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,6-isocohomologicality with respect the trivial module C is referred to simply as 
,6-isocohomological (£>-IC). The pair (G,L) is strongly £>-isocohomological (abbr. 
23-SIC) if it is V-B1C for all bornological Hb,l(G) -modules V. 

Corollary 2 Let G be a finitely-presented group equipped with word-length function 
L, and B a multiplicative hounding class. If (G,L) is asynchronously B-combable, 
then G is B-IC. 

Proof By the previous theorem, the hypothesis that G is B -asynchronously combable 
implies by equations (21) and (22) that in using the combing to cone off a simplex of 
weight m, both the number of simplices appearing in the cone, as well as the weight of 
each, is bounded above by/;(m) where/- € B. By the multiplicativity of the bounding 
class B , the bornological chain complex £> C* (EG) is a tempered complex in the sense of 
Meyer [Ml] which satisfies the necessary conditions established by Meyer to conclude 
the result (Meyer's original result was stated only for the polynomial, subexponential 
and simple exponential bounding classes, but the same argument works for arbitrary 
multiplicative bounding classes). □ 

3.2 i3-isocohomologicality and type BHF°° groups 

It is natural to ask the relation between the purely homological notion of strong B- 
isocohomologicality and the more geometric/topological BHF°° condition. The fol- 
lowing result answers that question; it is a generalization to arbitrary bounding classes 
of [JRl.Thm. 2.6]. 

Theorem 3 Let G be a discrete group of type FP°° and B a bounding class. The 
following are equivalent. 

(Bl ) (G,L) is strongly B -isocohomological 

(B2 ) BH*(G; V) -> H*(G; V) is surjective for all bornological U B , L (G) -modules V 
(B3) GistypeBFP 00 

Proof Following Th. 2.6 of [JR1]. (Bl) obviously implies (B2). The main point 
is to show (B2) implies (B3), specifically that there exists a resolution C* of C over 
C[G] whose completion BC* with respect to the semi-norms induced by B yields 
a continuous resolution of C over Hq l(G). The proof will use specific coefficient 
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modules. Given a subcomplex b of a free polyhedral complex Z equipped with a 
1 -skeleton weight function w z , the weight of b is then \b\ w := Ylaeb w z(&)- Each 
A G B defines a seminorm on C m {Z) by 



ctGZ,„ 



= X! l a <r! A Oz(0")) 

Letting C m {Z)\ denote the completion of C m (Z) in this seminorm, we set 

SC m (Z) := P| C m (Z) A 

As was shown in [JOR1], there is a natural identification of bornological spaces 

BC m (Zf BC m (Z) := {c G C" ! (Z) | 3A G 23 s.t Va G Z m , \c([a])\ < A(w z (cr))} 

where the left-hand term denotes the bounded dual of BC m {Z), and the right-hand term 
is the sub-space of B -bounded m-cocycles on Z. 

Now consider B m (Z) = d m+ i(C m+ i(Z)) C C m (Z). There are two ways to complete this 
subspace. The first is to take its closure in BC m (Z). Alternatively, one could consider 
the (possibly) smaller space B m (Z) = d m+ i (i3C m+ i(Z)). On the space of algebraic 
boundaries B m (Z) one has the filling seminorms || \\f \, A G B, weakly defined by 

< M & 3a G C m+ i(Z) s.t. b = d(a) & A(w z (a)) = M 

and B m (Z) is the completion of B m (Z) in these seminorms. The existence of a B- 
bounded section 5 m+ i : C m — >■ C m +i is equivalent to the requirement that, on B m (Z), 
the homology defined by the filling seminorms 1 1 | [/ a , A G B is the same as the induced 
homology coming from the inclusion into BC m (Z). Note that B m (Z) is naturally a 
module over T~Lb : l(G). Given a bornological T-Lb,l{G) -module V with homology 
defined by a collection of seminorms {r]j}j e j, an m-cochain c G C"\Z;V) is £>- 
bounded (i.e., lies in the subspace BC m (Z; V)) if 

VA G B 3X' G B s.t. Vct G Z m , ||c(ct)|| /jA < A'(w z (a)) = ||(j||a' 

Then, as was shown in [JOR1], BH* G {Z; V) := Ext^ g V) = the cohomology of 

the cochain complex {BC'"(Z; V))} m >Q. 



We recall the terminology of Th. 2.6 of [JR1], and then show how the result proved in 
that theorem may be extended to the ^-bounded setting. 



B -Bounded Cohomology 



31 



• X is a free G -complex with finitely many distinct G -orbits in each dimension 
(i.e., X/G has finitely many cells in each dimension; it exists by the HF°° 
condition on G). 

• Y is the geometric realization of the homogeneous bar resolution on G. 

• : C*(T) — > C*(X) and tp* : C*(X) — > C*(F) are C[G] -module morphisms of 
chain complexes, with both (p^otp^ and tfj^cxf)* G-equivariantly chain-homotopic 
to the identity function. 

• The coefficient module used to show the existence of an appropriately bounded 
(m — 1 ) st Dehn function is V m -\ = B m - \ (X) , equipped with the filling seminorms 

II llf,A) A G S. 

• u G Cg(X; y w _i) is the G-equivariant m-cocycle given as the composition 

C m (X)%B m ^(X)^V m -i. 

The properties of <fi and V ensure there is a G-equivariant (m — l)-cocycle v G 
Cg -1 (X; V m -{) with w = (^ m o^ m )( M ) + ,5(v). Furthermore, condition (B2) guarantees 
there is a G-equivariant £>-bounded cocycle u' G BCq(Y; V m -\) and a G-equivariant 
(m — l)-cochain v' G C'^~ 1 (Y; V m -i) satisfying the equation ip m (u) = vi + 5(v')- A 
standai - d argument then shows 

(23) ft = u'([e, i> m -i(b)]) + (^"Hv') + v)(b) 

where k,E7te,..*]ko, • • • ,gn]] ■= T,llg ,...,g„]l e i So, ■ ■ ■ ,gn\- Finally, both X and 
Y are weighted complexes. For X, stalling with the graph metric dx, the associated 
weight function is precisely the 1 -skeleton weight function wx defined above. In the 
case of Y , the metric on the 0-skeleton is given by the formula d{g\ , g2) '■= L(g^ 1 g2), 
which yields the standard G -sensitive weight function on Y = EG given by 

n n 

wy([go,g\, ■ ■ ■ ,gn\) ■= ^Wydgii) = ^Ligi) = d Y (gi,e) 
i=0 1=0 

Note that for Z = X or Y, the respective weight functions satisfies the inequality 

w z (g<?) < (n + l)wz(g) + w z (cx) V<t G Z (n) 
up to linear equivalence. 

The following lemma illustrates the essential point of the fmiteness condition on X. 
Assume given free G-sets S, T equipped with weight functions ws resp. wj, such that 
S/G is a finite set. Let {s\,S2, ■ ■ ■ ,sn} C S be a complete set of coset representatives 
satisfying ws(sj) < ws(gsj) for all 1 <j<N,g£G. Finally, we assume the existence 
of constants D\,D2,Dt, satisfying 
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(1) w{gz) < DiL(g) + w(z) Vz 6 Z = S, T, w = w s , w T 

(2) Kg) < D 2 w s (gSj) + D 3 VI <j<N,g£G 

Recall that for a weighted set (Z,w), bounding class B and A G £>, || ||a is the 
weighted ^ ! -norm on C[Z] = ® z gzC given by 

II I A 

Lemma 4 Let 5, T be as above, and V, respecriveiy W, denote the vector space over 
C with basis S, respectively T . Let Wg denote the completion ofW in the seminorms 
{|| || a, A G B}, and let f : V ^ W be an arbitrary G -equivariant linear map. Then f 
is B -bounded; that is, for all A G B there exists Ai G B with 



\\m\\x < ink 



Vv G V 



Proof For each 5, (1 <j< N), we have 



A/, 



i=l 



Define 



max 

\<j<N 



M2 = max max wjita) 

l<j<N \l <i<nij 



We can bound the A-seminorm of figsj) using the sequence of inequalities 

\\KgSj)\\ x =\\gf(Sj)\\ x 



<^|/3y|A(w r (^)) 
<^|^|A(DiL(g) + w r (%)) 

i 

<^|A/|A(DiL(g)+M 2 ) 

i 

< Mi A (DiL(g) + M2) 
< Mj A (Di(D 2 W5(gJ,) + D 3 ) + M 2 ) 
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<M Y X (D^wsigsj) + (D1D3 + M 2 )) 
< Ai(w s (g5 7 )) 

for Xi £ B satisfying the inequality MiA(Z)iD 2 ? + D1D3 + M 2 ) < \i(t) (such an 
element exists by property (£>C3)). Now a typical element of V may be written as 

E <v = EjLi E geG a i,g^r Then 



f (EE 

;=i sec 



E E a ./.sffe*/) 

j'=i gee 



<EEi^IH^IIa 

j=l g^G 
N 

- EEi a ^i A i( w ^)) 

7=1 ?GG 



E E a J*8 s J 

;'=i S6G 



Let IV' C be a subspace closed in the Frechet homology (= topology), and set 
W" = Wjs/W'. The quotient homology on this space is induced by the seminorms 
II/,agB weakly defined by 

\\w\\f,\ < M' 44> 3v E Wb s.t. 7r(v) = w' and ||v|| A < M 1 

where it : — > W' is the projection map (these norms should be thought of as a 
"filling" norms). Suppose we are also given a G-equivariant linear map t) : V — > W' . 
Then f) can be lifted to a G-equivariant linear map f : V — > Wb, which will then 
obviously satisfy the inequality 

\\m\\ f) i < iif(v)iu 

By the previous lemma, this lifting is £>-bounded. Hence 

Lemma 5 Any G-equivariant linear map f] : V — > W' is B-bounded; i.e., for all 
X G B there exists a X' € B with 

\\t)(y)\\ f ,x < \Hx> Vvev 
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We may now complete the proof that (B2) implies (B3). By (23), one has 
\\b\\ LX < \\u'([e,^ l (b)])\\ LX + \\(ip m -\v') + v)(b)\\ LX 

As u' is 23 -bounded, there exists an element A' G B satisfying 

\\u'([e, ijj m -i(b)]\\ f X < \\[e,ip m -i(b)]\\ x , = \\ip m -.i(b)\\ y 

Taking (S,ws) = (X (m ~ l \wx) and (T,wt) = (F ( '" _1) ,wf) and applying Lemma 4 
shows that ip m -\ is £>-bounded. By Lemma 5, the map (ip^ n ~ { \V) + v) : C m -\(X) — >■ 
V m -\ is also bounded. Hence the sum must be bounded; i.e., for all A G B, there exists 
a A" G B with 

\\b\\ f ,x < WHx" 

The implication (B3) =4> (Bl) follows by a natural extension of the arguments of [JR1] 
and [01]. Namely, given the free G -complex X, one forms the complex Cf(X), where 
C,f (X) denotes the completion of C n (X) in the seminorms 



aeX ( "> 



a 



^ \a\X(w x (o-)) 

vex 1 ") 



XeB 



The condition that all of the Dehn functions are -bounded is exactly what is needed 
to provide a bounded C -linear contraction of Cf (X), hence a resolution of C over 
%b,l{G). Degreewise, this complex is a free 1~Lb,l(G) -module on finitely many gener- 
ators (one for each G-orbit of which together imply the result. □ 



In fact the argument above shows slightly more. 



Theorem 4 Let G be a finitely generated group of type HF' , for some r < oo . For 
an n < r, the following are equivalent. 

(B'\) BH*(G;V) -> H*(G;V) is an isomorphism for all bornological Ub, l (G)- 
modules V, in all degrees * < n + 1 . 

(B'2) BH*(G; V) H*(G; V) is surjective for all bornological Ub ,l(G) -modules V, 
in all degrees * < n + 1 . 

(B'3 ) There exists a geometric resolution X* of G of finite type (all skeleta ofX*/G are 
finite) for which the first n (weighted) Dehn functions of C*(X) are B-bounded. 

Proof The implication (B'l) (B'2) is obvious. For (B'2) => (B'3), follow the 
proof of (B2) (B3) in Theorem 3. As the argument is degree-by-degree, it carries 
over without change. 
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To prove the implication (B'3) => (B'l), construct C*(X) and Cf (X) as in (S3) => 
(Bl). The chain complex C*(X) is a resolution of C over C[G],but Cf(X) does not 
admit a bounded C -linear contracting homotopy for all degrees. It does, however, for 
*<n. Let 5* = Cf(X),for * < n + l. Using the fact that the category of bornological 
Bl(G) -modules has enough projectives, for * > n+l <S* can be chosen so that <S* is 
a bornologically projective resolution of C over 71b,l{G). Continuing as in Theorem 
3 yields the result. □ 



36 



Ronghui Ji, Crichton Ogle and Bobby Ramsey 



4 Relative constructions 

We show how the results in the previous section may be "relativized". 

4.1 Relative HF" and the Brown-Bieri-Eckmann condition 

In this subsection, n will denote an arbitrary cardinal < oo. Given a family of 
subgroups {// a } ag A of G, let 



where g is the linear extension of the map gH a h-> 1. Then A is a Z[G] -module; 
given a second Z[G] -module A , the homology of G relative to the family of subgroups 
{H a } af zA with coefficients in A is [BE2] 



Algebraically, this makes perfect sense regardless of how the groups intersect. Our 
object is to establish necessary and sufficient conditions for relative fmiteness. A 
natural starting point is 

Lemma 6 Suppose that 

(1) the indexing set A is finite, 

(2) each subgroup H a is finitely generated, 

(3) G is finitely presented, 

(4) Tor? G] (A, ]1 Z[G]) = for all 1 < * < (n - 1) and direct products ]J Z[G] 
of copies of Z[G] . 

Then A is type FP" over Z[G] . 

Proof Consider the commuting diagram 




ff*(G, {H a } aeA ;A) := T<l7(A,A) 







e z[G] 



e z[G] 



Pi 



© Z[G/H a ] 



e 



A 



agA 



z 
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where on each summand p\ is the natural projection Z[G] -» Z[G/H a ] and p2 = eopi . 
Denote © Z[G/H a ] by E, Z by fi, and set P(£) := Z[G], Sl(E) := ker(pO, 

c*€A a€A 

0(B) := ker(/>2)- By the Snake Lemma, the above diagram yields a short-exact 
sequence Q(E) >— > 0(B) -» A . Now consider the pull-back diagram 

n(E) — np 

P(£,A> 

A ^E 



There is a natural isomorphism of Z[G] -modules P(E , A) = Q(B) , from which we 
conclude the existence of a short-exact sequence 

(24) 0(B) ^ P(£, A) >-> A © P(E) -» E 

Conditions 1. and 2. imply E is finitely-presented over Z[G] , and condition 3. implies 
0(B) is finitely-presented over Z[G] . By (24), A © B(£') is finitely-presented over 
Z[G] . But P(E) is a finitely-generated free module over Z[G] (by L), so A itself must 
be finitely-presented over Z[G]. The result now follows from Prop. 1.2 of [BE1]. □ 

Definition 6 The group G is type FP n+l (resp. FF n+l ) rel. {H a } aeA if the Z[G]- 
module A is type FP" (resp. FF") over Z[G] . 

As usual, if we are not concerned with constructing finite resolutions but only ones 
which are finite-dimensional through the given range, the conditions FF" and FP n 
agree. 

We consider an alternative definition, which will provide the bridge between the alge- 
braic and topological setting. 

Definition 7 A resolution of Z over 7L\G\ relative to a family of subgroups {H n } n( z\ 
is a projective resolution P* of Z over Z[G] satisfying 
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where for each a G A, W° is a projective resolution of Z overZ[H a ] andlnd^ (W") 

— « - — - n 
is an inclusion of complexes. Then G is type FP , respectively type FF , if Q m is 

finitely generated projective, respectively free over Z[G] , for all finite m < n. 

— n — n 

Again, when the resolutions are allowed to be infinite, FP and FF are equivalent 
conditions. 

' — n 

Lemma 7 IfG is type FP" relative to {H a } aG \, it is type FP relative to {H a } a& \. 
If conditions 1.-3. in Lemma 6 are satisfied, then the converse is true. 

Proof Let P* be a resolution of A over Z[G], and let 5* be the Z[G] -resolution 
Ind% (W?) of Z[G/H a ] where W° is a Z[H a ] -resolution of Z for each 

a € A. Let/* : P* —¥ S* be a map of Z[G] -resolutions covering the inclusion 
A >— > © 7j[G/H a ], and let M(/"*) be the algebraic mapping cone of/*. Then M(f*) 

provides a resolution of Z over Z[G] rel. {H a } a& \ where Q m = P m _i. Hence type 

11 fi 

FP" rel. {H a } ae \ implies type FP rel. {// Q } a( =A- Now suppose G is type FP rel. 
{Ha}aeA ■ As we have seen, the first three conditions of Lemma 6 imply A is finitely- 
presented. Let P* be a Z[G] -resolution of G rel. {H a } a& \. Then 5* is a subcomplex 
of P*, with the inclusion S* P* covering the projection e : Z[G/H a ] -» Z. 

The quotient complex T*/S* = Q* = {Q m } satisfies the property 

Tor? G] (A,A) = tf G +1 (<2* ® A) = ff*+i«2* ® A) 

Z[G] 

If A = J} Z[G] and Q m is finitely-generated projective for finite m < n, then 

Torf G] (A,J]Z[G]) = // g +1 (G*®n Z[G] ) =^+ 1 ({lI a 4 m >o) =o 
for all finite k < (n — 1). By Lemma 6 this completes the proof. □ 

We now consider the topological analogue. Let {A Q } aS A be a family of subcom- 
plexes of a complex X, and let A = {J ae ^A a C X. We say that X is type 
//F" relative to {A n } n p\ if X/A ~ F with 7 having finitely many cells (or simplices) 
in each finite dimension m < n. 

If {H a } ae \ is a family of subgroups of G, then whenever A contains more than 
one element \\BH a will not be a subspace of the standard model for BG, as the 
classifying spaces BH a all contain the common basepoint (and more if the intersections 
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are non-trivial). However, the Z[G] -module A is modeled on the disjoint union of 
the classifying spaces {BH a }. To accommodate this, we will need a different model 
for BG. Recall that if T is a discrete set, one may form the free simplicial set S.(T) 
generated by T , with 

(25) S m (T):=T m+l ; 

(26) di(to, h, . . . , t n ) = (to, t\ , . . . , ti, . . . , t n ); 

(27) Sj(t , h,..., t n ) = (to, h,..., tj, tj, t n ) 

In other words, the face and degeneracy maps are given by deletion and repetition. Any 
element of T can be used to define a simplical contraction of S.(T) , yielding S.(T) ~ * 
for all sets T. Moreover, if T is a free G-set, then the diagonal action of G makes S.(T) 
a simplicial free G-set, hence a simplicial model for a universal contractible G -space. 
The standard homogeneous bar resolution of G - EG - arises when one takes T = G 
with left G -action given by multiplication. 

Definition 8 For an indexing set A, let 

G(A):= ]JG 

with G -action given by left multiplication on each component. Then 

EG(A) := S.(G(A)) 
BG(A) :=£G(A)/G 

Again, if {T a } ae A is a collection of G-sets, there is an evident inclusion of simplicial 
G-sets 

(28) ]]_S.(T a )^S. f ]Jr Q ) 

which is both equi variant and functorial. 

Definition 9 A group G is of type HF n relative to a family of subgroups {// Q } ae A 
(n < oo) if BG(A) is of type HF" relative to the image of \J BHa under the 

ntA 

composition 

]jBH a ^]JBG^> BG(A) 
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Proposition 2 Assume the indexing set A is finite. If G is type HF" relative to 
{H a } a< z\ , then it is type FF relative to {H a } ae \ . 

Proof For each a , fix a simplicial complex Xjj a ~ BH a . The condition on G implies 
we may construct a simplicial model Xq ~ BG by adding simplices (i.e., cells) to 
\ Xfi a in such a way that through each finite dimension m with < m < n the 

aGA 

number of simplices attached is finite. Let X G ~ EG be the universal cover of X G , and 
p : Xq — )• Xq the covering map. Taking P* = C*{Xq) gives the desired resolution, 
with Indtf a (W*) = C*(/? _1 (X// a )) and Q„ the free C[G]-submodule of P n spanned 

over C by those n -cells not in p^ 1 I \J ^H a I ■ □ 

\aeA ) 

Putting it all together, we may summarize the situation as 

Theorem 5 If the conditions 1. - 4. of Lemma 6 are satisfied, then the following are 
equivalent 

• G is type HF" relative to {H a } a& \, 

• G is type FF" relative to {H a } aS A , 

• G is type FF" relative to {H a } ae \ . 

Proof The second and third properties are equivalent by Lemma 7, and the first 
property implies the second by the previous proposition. The converse to Proposition 2, 
in the presence of conditions 1 . through 4. , follows by the same method of geometrically 
realizing the resolution as in the classical proof of the Eilenberg-Ganea-Wall theorem 
(compare Thm. 7.1, Chap. VIII of [Brl]). □ 

Recall from [Br2] that a direct system of groups {Ap} is said to be essentially trivial 
if for each f3\ there is a $2 > A such that the map A a, — > A$ 2 is trivial. 

Definition 10 A filtration of EG(A) of finite n-type relative to \H n } n( z\ is an in- 
creasing filtration of EG(A) by a direct system of subcomplexes {Xp} satisfying 

• lirnX/3 = EG{A), 

P 

. X % -p- 1 ( \J BH a ) C Xp for all (3, 

• For each f3,Xp/X^ contains finitely many G -orbits in finite dimensions < n. 



B -Bounded Cohomology 



41 



Theorem 6 Suppose there exists a filtration {Xp} of finite n-type of EG relative to 
{H a }a£A ■ Assume conditions 1.-4. of Lemma 6. If the directed system {H*(Xp)} is 
essentially trivial for all finite * <n, then A is type FP n ~ y over Z[G] . 

Proof Let R = Z[G] . Then for all finite m with 1 < m < (n - 1) 
Tor* (A, J]*) = Tor^ (r, A ® J]/?) 

=H% +1 (EG,X ;l[R) 

P 

= limJJi? m+1 (^/X ) = O 
with the last equality following by Lemma 2. 1 of [Br2]. □ 

Note that unlike Brown's condition in the absolute case (where we are not working 
relative to a family of subgroups), the quotient space EG(A)/Xq has the homotopy-type 
of a wedge V 1 ^ 1 ' with Hi(\f S l ) = A. This non-contractibility in dimension 1 makes 
verifying the essential triviality of relative filtrations problematic. 



4.2 Relative Dehn functions 

There is a natural algebraic way to define the relative Dehn functions of G with respect 
to some finite family of subgroups. As before, we write A for the kernel of the 
augmentation map e : QgA — > Z, where % = {H a \ a £ A}. A typical 
element of aeA Z[G/// Q ] has the form J2 g ^uG/H a ^gS[H ag ]. Thus to define the 
weighted structure on A C aeA Z[G/// a ], it is enough to define the weight of a 
generator, g[H a ]. Set w(g[H a ]) = min/ !e # a L(gh) , where L is the length function 
equipped on G . 

If G is of type FF°° relative to %, there is a free resolution of A over Z[G] : 
. . . R 2 ->• Ri -> Rq -> := A ->• 
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which is finitely generated Z[G] -module in each dimension on generating set S„ = 
{s\ n , ... , Jfo,^}. Fixing the weight of each generator to be 1, we extend this to a 
weight function on R n in the usual way by 



Up to lineal - equivalence, this definition is independent of the initial weighting given 
to the generating set. Now choose a Z -linear splitting of this resolution {s n : R n — > 
Rn+\}n>-i ; associated to this contraction are its Dehn functions, which we refer to as 
the relative Dehn functions of G with respect to H . Again, up to linear equivalence, 
the definition of the Dehn functions is independent of the choice of linear splitting. 

Definition 11 The relative Dehn functions of G with respect to T~L are B -bounded if 
there is type FF°° resolution of A over Z[G] such that each splitting s n is hounded 
by an element of B. 

Lemma 8 Suppose L<B.lfthe relative Dehn functions of G with respect to 7i are 
B -bounded for a particular type FF°° resolution, then they are B -bounded for all type 
FF°° resolutions. 

This is a relative version of the statement that the Dehn functions of a group G does 
not depend on which type HF°° classifying space is used in their construction, up to 
equivalence. 

Since G is of relative type FF°°, it is also of relative type FF°° , with respect to %. 
As above, this gives a projective resolution of Z over Z[G] of the form 

where for each a € A, W° is a projective resolution of Z over Z[H a ], and Q m is a 
finitely generated free Z[G] -module. At each level, Ind^^W^) is a direct summand 
of P m . Taking the quotient by them in each degree yields the sequence 

■ ■ ■ -»- Qi 02 -+ Qi -» <2o = 
which is exact above dimension 1 , and for which the cokernel of Q2 — > <2i is A. Thus 

• • • -> & -»• Q2 -»• Qi -> A -> 
is a type resolution of A over Z[G] . 
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Because the homology of both P* and <2* vanish above dimension 1 , one can in that 
range construct a chain contraction {s% : P n — > P n +i} f° r which the composition 

S?r ■= Qn ^ Pn P n +\ -» Qn+l 

yields a chain contraction of for * > 1 . This splitting, spliced together with a 
weight-minimizing section s® : A — > Q\ of the projection Q\ -» A, one can define 
the topological relative Dehn functions of G relative to Jj to be the Dehn functions 
associated to the linear contraction {sn} n >o- We say the topological Dehn functions 
are ^-bounded if the Dehn functions of {s^}„>o are £>-bounded. 

Lemma 9 Suppose G is of type FF°° relative to H. G has B -bounded algebraic 
relative Dehn functions with respect to % if and only if B -bounded topological relative 
Dehn functions with respect to H 

This follows immediately from Lemma 8. 

The term "topological relative Dehn function" is justified by the following interpretation 
of them. Assume G is HF°° relative to % , as before. Start with a relative homology 
cycle in x G Z n (EG(A) , E(H)) . Then d(x) € C n -i{E{W)). Each part of d(x) lying 
in a connected component of E(H) can be coned off, yielding an absolute cycle 
x' 6 Z n (EG(A)). Choose a weight-minimizing y € C n+ i(EG(A)) with d(y) = x' , 
and take its weight relative to the subspace E{%); i.e., only total the weights of those 
in + l)-simplices used to construct z which do not lie in E(H). The resulting Dehn 
function computed using this construction agrees (up to the usual equivalence of Dehn 
functions) with the one derived from {5,?}„>o- 

One can view the nonexistence of a relative Dehn function in a particular degree as an 
obstruction to completing the type FF°° resolution of A , 

• • • Qs Qz Qi -+ A -> 

to yield a type FF°° bornological resolution of Ag (defined below). 

. . . -> BQ 3 -> BQ 2 -> BQ X -> A B -> 

Although there is always a bounded section A — > Q\ , the obstruction to constructing 
a bounded section <2i —> Qi is, in general, nontrivial in the unweighted setting. The 
relative Dehn functions for n > 1 do not suffer the same issue. 
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4.3 Relative B -bounded cohomology 

We construct a relative B -bounded cohomology theory, which closely mirrors the 
construction of relative group cohomology in [Au, BE2]. Let G be a discrete group 
and let H = {H a \ a € A} be a finite collection of subgroups of G. Let G/T-L be 
the disjoint union |_| Qg A G/H a . For a subgroup H of G let C[G/H] be the C-vector 
space with basis the left cosets G/H. Let C[G/H~] = ® ae \C[G/H a ] which will 
be identified as finitely supported functions G/H — > C. Denote the kernel of the 
augmentation e : C[GfH] -> C by A. 

Definition 12 The relative cohomology of a discrete group G, with respect to a 
collection T~L of subgroups of G with coefficients in a C[G] -module A, is given by 

H k (G,H; A) = Ext^ ] (A, A). 

Denote by H k {T~L; A) = \\ aeIv H k {H a ;A). The definition of relative cohomology yields 
the following consequence, proved in [Au] for the case of a single subgroup and in 
[BE2] for many subgroups. 

Theorem 7 (Auslander, Bieri-Eckmann) Let G and % be as above. For any C[G] - 
module A there is a long exact sequence: 

H k (G;A) ->■ H k {U;A) -> H k+l (G, H;A) -> H k+l (G;A) -> . . . . 

The length-function L on G induces a weight, w , on the cosets G/H given by w(gH) = 
min/, g // L(gh). With this weight, define the following bornological Hb ^ (G) -module: 

H B>W {G/H) = {f : G/H -> C j V^ eB £ lf(jc)|#w(x)) < oo}. 

xeG/H 

This is a Frechet space in the norms given by 

\\fU= E lfC*)W"<*))- 

Let % = {H a | a G A} be a finite collection of subgroups of G, and define 

H B , W (G/H) = {f : G/U C | V 0eB ^c)|0(w(x)) < oo}. 

As % is a finite family of subgroups, H B ,w ip/'H) = ® a& \HB,w {G/H a ) . 

The augmentation map e : Hb, w ip/T-L) — > C is given by e(/) = YlxeG/uf^- ^ s 
e(f) < ll/Hi > c is abounded map. Denote the augmentation kernel by Ag = kere. 
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Definition 13 The relative B -bounded cohomology of a discrete group G, with re- 
spect to a collection H of subgroups of G with coefficients in an Hbl (G) -module A, 
is given by BH k (G,'H;A) = Ext^^fA^A), where this Ext^ Bt(G) (-,A) functor is 
taken over the category of bornological 1~Lb,l(G) -modules. 

As in the absolute cohomology theory, there is a comparison homomorphism BH*(G, %; V) — > 
H*(G, H; V) for any bornological Ub,l (G)-module V. 

Definition 14 Let G be a discrete group with length function L, and let H be a finite 

collection of subgroups, and let V be a %b,l (G) -module. We say G is relatively B -isocohomological to % with res 
(abbr. V-BRIC) if the relative comparison BH*(G, U\ V) -> H*(G, U; V) is an iso- 
morphism of cohomology groups in all degrees. Similarly G is relatively B -isocohomological to % 
(abbr. B -RIC) if it is C -BRIC, and G is strongly relatively B -isocohomological to % 
(abbr. B -SRIC) if it is V-BRIC for all T-Lb,l (G) -modules V. 

If G is a group and H is a subgroup, there is an isomorphism: Ext^ G ^(C[G/H], C) = Extq^,(C, C). 
A first step in extending relative cohomology to the B -bounded framework will be the 
following analogue. 

Lemma 10 Let G be a group with length function L, H a subgroup of G equipped 
with the restricted length function, and B a multiplicative bounding class. For any 
bornological Hb,l (G) -module A , there is an isomorphism: 

Ext^ BL(G) (n B , K {G/H),A)^Ext* nBL(H) (C,A). 

Before proving Lemma 10 we first turn our attention to a few additional results which 
will be necessary. 

Lemma 11 For B a multiplicative bounding class, Ub,l (G) = Ub, w {Gin) ®V.b,l (H) 
both as bornological vector spaces and as right %b,l (H) -modules, where G/H is given 
the weight w(gH) = min/, e //L(^/j), and L is the length function on G. 

Proof Let R be a system of minimal length representatives for left cosets of H in 
G. For an r € R, the length of r in G is equal to the length of rH £ G/H, so 
Hb,w {G/H) = 'H BL (R) as bornological vector spaces. For g € G there is a unique 
h g E H and r g € R such that g = r g h g . 

Let$ : H b ,l(G) ->■ ~Hb,l (R)®11b,l (H) be defined on basis elements by $(g) = (r g )<8) 
(h g ) and extended by linearity. For A, ^ G B, let v € B such that v(ri) > \(2n)n(2ri). 

\$(g)\\,n = \(r g )®(hg)\ Xtlt 
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= X(Ur g )MU.h g )) 

< X(L(g))fi(L(r; 1 ) + L{r g h s )) 

< X(L(g))fi(2L(g)) 

< X(2L(g)) f i(2L(g)) 

< HL(g)). 



It follows that $ is bounded. 



Conversely let : U b ,l{R) x H b ,l{H) -> H b ,l{G) be denned by ¥'((r,A)) = (/*). 
For A € £>, let A'(n) = A(2n) + 1. By the properties of bounding classes, A' € £> as 
well. For r £ R and h £ H, set M r /, = max{L(r), L(/i)} and m r /, = min{L(r),L(/i)}. 
We have: 

|*'(r,*)|A = \(rh)\ x 
= X(L(rh)) 

< \{Ur)+L{h)) 

< X(2M rM ) 

< X'(M r , h ) 

< X'(M rjh )X'(m r>h ) 
= X'(L(r))X'(L(h)). 

As is bounded, it extends to a bounded * : Hb,l(R)<8>'Hb,l(H) ->• Ub,l(G). 
These are the required bornological isomorphisms. □ 

Lemma 12 For any bounding class B, %b,l (G)®Ub i(H)C — Hb,w [G/H), where H 
is endowed with the restricted length function and G/H is endowed with the weight 
w. 

Proof By [M2], if E = H®A then E<3 A F = H®F. Appealing to the previous lemma 
we obtain the following. 

-H B ,L (G)®H B , L (H)<£ = (n B , W {G/H) m Bl L (H)) ®H B AH)C 

= H B ,w{G/H)m 

HbAg/h). 



Proof of Lemma 10 Consider 

.-.-»• K B ,L{H) m -> U b ,l{H)®Ub,l{H) -> Hb,l(H) 
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where the boundary map d n+1 : H b ,l (H)® n+l -> T~Lb,l (H) m is given by 

d n+ xQiQ, h,..., h n ) = (hohi ,h%,..., h n ) - (h , h\h 2 , h 3 ,..., h n ) 

+ . . . + {-\) n -\ho,h x , . . . ,K-\K) 

+(-ir<7* , • • • A-i) 

and d\ : T~L Bj l (H) — > C, given by d\{ho) = 1 , is the augmentation. There is a bounded 
contracting homotopy given by s n+ i(ho, . . . ,h n ) = (1g,/zo, . . . ,h n ), where 1^ is the 
identity element of G, and sq : C — > Hb,l (G) is given by so(z) = z(1g)- 

Ext^ g /^(C,A) is the cohomology of the cochain complex 

^m^ d BL(H) (n B , L (H\A) -> Hom^ i(//) (^ BiL (//)^ B)L (//),A) 

Homfg i(fl) (ft BjL (/7)® 3 ,A) -)-.... 

By [M2], for B a bornological algebra, E any bornological space, and F any bornolog- 
ical left fi -module, Hom b B dd {B®E,F)^ Hom bdd {E,F). Thus Ext^ 8t(ff) (C,A) is the 
cohomology of 

Hom Md (C,A) -> Hom foW CH BjL (//),A) -> Hom faW ("H BiL (tf)® 2 , A) ->-.... 

Tensoring each of the left H b ,l{H) modules H BjL {H)® n by H b ,l{G) over H B ,l{H) 
yields 

• •■->■ 'Hb,l{G)® HbAH) (H B)L {H)®'H b ,l{H)) ->■ H b ,l( g )®H b , l (H)'Hb,l(H) 

^ n B>L (G)®H B , L (H)C ^ o. 

As ft B)L (G)® HB dH) C ^ *Hb,w {G/H) , this reduces to 

• • • K B)L {G)® HBL{H) (K B)L {H)m B ,L{H)) n B ,L(G)0 HBL(H) nB,L(H) 

-> n B)W (G/H) 0. 

The bornological isomorphism H Bi l (G)® nBdH) H B , L (H)® n+l H B , L (G)®H B , L (H)® n , 
given by [M2], shows that this is 

■ ■ ■ -> H BiL (G)®n BtL (Hf 2 H B ,L(G)m B , L iH) -> ft B)i (G) -» (G/H) 0. 

The map 5„ +1 : U B , L {G)m B , L {H)® n -»• H B , L (G)®H B ,L(Hf n - 1 is given by 

5„+i(g,/z , . . . A) = (gho,h\,...,h n )-(g,hoh\,h2,...,h n ) 

+ ... + (-\T(g,h ,...,h n - 1 h n ) 

+(-iy + \g,h ,...,h n _ l ) 
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while the map <5i : T~Lb,l(G) — > 7~Lb,w ip/H) is given by 8\{g) = (gH). A bounded 
contracting homotopy s' n is constructed as follows. The map s' : %b, w \G/H) ~~ ^ 
T~Lb,l (G) is given by s' (gH) = (r g ), where r g is the fixed minimal length representative 
of the coset gH in R as above. The map s\ : %b,l (G) — > %b,l (G)®%b,l (H) is given 
by s[(g) = (r g ,h g ), where r g G R, h g G H, and g = r g h g . The same For n > 1, 
s' n (g, h ,..., h n - 2 ) = (r g , h g ,h , h n - 2 ). 

As this is a projective resolution of H B ,w {G/H) over 1-Lb,l (G), Ext^ g l (g£Hb,w (G/H),A) 
can be calculated as the cohomology of 

Hom «8, i (G)(^B,L(G),A) -> Hom% d BL(G) (nB, L (G)mB,L(H),A) 

^m b 4 d BL{G) (-HB, L (G)mB,L(Hf 2 ,A) -)-.... 

As Hom^ i(G) (^ B)i (G)^ B)L (i/)® n ,A)^ Hom^(^ BjL (//)^,A), this is also the 
same as the cohomology of 

Uom bdd (C,A) -> Hom foW CH BjL (//),A) — > Hom Md (W BiL (#)® 2 , A) -»-.... 

□ 

Denote by BH k (H;A) = U a£ A BH k {H a ;A). 

Theorem 8 Let G and 7~L be as above, and let A be a bornological Hb,l (G) -module. 
For any multiplicative bounding class B, there is a long exact sequence: 

...-)• BH k (G;A) -> BH k (H;A) -> BH k+l (G, H;A) -»• BH k+l (G;A) -> . . . 

where for each H a G // Q is given the length function restricted from G and G/H 
is given the minimal weighting function w as above. 

Proof The following short exact sequence admits a bounded C -splitting. 

— > Ag — > u B , w (g/h) Ac^o 

Applying the bornological Ext^ e i(G) (-, A) functor , yields the long exact sequence 

. . . -> Ex4 Bi(G) (C,A) -> Ex4 BL(G) (^ B , w (G/«),A) -> Ex4 Bi(G) (A B ,A) 

Making use of the isomorphisms, 

Ext k HBL{G) (nB, w {G/n),A) = Ex4 B 
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" II Ext « 8 ,L(G)(^,w(G/// Q ),A) 

aeA 
aeA 

one obtains the exact sequence 

. . . -> Ex4 BL(G) (C,A) -> J] Ex4 Bi(//Q) (C,A) Ex4 fii(G) (A B ,A) -> Ext^^C, A) 

aGA 

By definition Ex4 bl(G) (C, A) = S#* +1 (G;A),andExt^ Si . (G) (A s ,A) = BH k+l (G, W;A). 

□ 

Corollary 3 Let G be a finitely generated group with length function L, B a multi- 
plicative bounding class, and T~L = {H a \ a € A} a finite family of subgroups. Suppose 
that there is a T~Lb.l (G)-module V such that each H a is V-BIC, in the length function 
restricted from G. If G is V-BRIC to H, then G is V-BIC. In particular, if each H a 
is B -SIC and G is B-SRIC to U, then G is B-SIC. 

Proof The comparison map yields a commutative diagram with top row the long exact 
sequence from Theorem 8 and the bottom row the long exact sequence from Theorem 
7. The result follows from the five-lemma. □ 



The notion of 'niceness' defined above has an obvious extension to free resolutions of 
modules other than Z over Z[G] . The following generalization of Lemma 1 to the 
relative setting is straightforward. 

Lemma 13 Let G be a group equipped with word-length function L, a k-nice 
resolution of M over Z[G] , T* =^0C, and B and B' bounding classes. Denote by 
BT* the corresponding Frechet completion of T* with respect to the bounding class 
B, as defined above. Further suppose that the weighted Dehn functions {d^' n } are 
B' -bounded in dimensions n < k, that B is a right B' -class, and that B y £ . Then 
there exists a bounded chain null-homotopy {s n +i : BT n — > BT n+ i\u>n>o, implying 
BT* is a continuous resolution of BM over T~Lb,l (G) through dimension k. Here, BM 
denotes the completion of M <g) C via the bounding class B . 

This yields a suitable complex from which we may calculate bounded relative coho- 
mology of G with respect to % . 
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Theorem 9 Suppose the finitely generated group G is HF°° relative to the finite 
family of finitely generated subgroups %. 

(1 ) The relative Dehn functions of G relative to % are each B -bounded. 

(2 ) G is B -SRIC with respect to U . 

(3) The comparison map BH*(G, H\A) -> H*(G, H;A) is surjectiveforallbornolog- 
ical T-Lb,l (G) -modules A . 

Proof For (1) implies (2), suppose A is a bornological %b,l (G) -module, and let 

/?*:=... -)> R 2 -)• Ri Rq -> J?_i = A z -> 

be a nice type FF°° resolution of Az, the integral augmentation kernel, over Z[G], 
and let 

:= . . . -»• r 2 ->■ ^ ->• r -»• r_i = a ->• o 

be given by T n = R n (g) C. Here A is the complex augmentation kernel. is a type 
FF°° resolution of A over C[G]. As the relative Dehn functions are B -bounded, by 
the previous lemma gives that BT* is a bornologically projective resolution of Ag over 
T~Lb,l (G) . Let V„ be the complex vector space with one basis element for each generator 
of T n over C[G] . There are isomorphisms T„ = C[G] <g> V„ and BT n = Hb,l {G)(k>V n . 

Apply Homc[G]('i A) to the deleted resolution yields a cochain complex with terms 
of the form Homc[G](T«> A). Applying Hom^ t(G) (-, A) to the deleted resolution £>!"* 
yields a cochain complex with terms of the form Hom^ ^(BT n ,A). 

Hom C[ G](r„,A) ^ Hom C[G ](C[G] ® 7 B ,A) 
^ Hom(V„,A) 

^ Hom^ L(G) (^ B)i (G)®y„,A) 
= Hom^ i(G) (Sr„,A) 

As A was arbitrary we obtain that G is £>-SRIC with respect to T~L. 

The implication (2) implies (3) is obvious. For (3) implies (1), follow the proof the 
implication (£>2) implies (B 1) of Theorem 3 with the following modifications. Replace 
the absolute cocycles and boundaries, by the relative cocycles and boundaries. The 
argument applies nearly verbatim. □ 

For the remainder of the section, we suppose that G is a finitely presented group which 
acts cocompactly without inversion on a contractible complex X, with finite edge 
stabilizers and finitely generated vertex stabilizers G a . The higher weighted Dehn 
functions of X bound the topological relative Dehn functions of G with respect to the 
{G,j}. Applying Theorem 9 we obtain the following. 
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Theorem 10 Suppose all of the higher weighted Dehn functions of C*(X) are B- 
bounded. Then G is B-SRIC with respect to the {G a } . 

To use this result effectively, we must be able to determine how the restricted length 
function on G a behaves, when compared to the usual word-length function on G a . 

Lemma 14 Suppose the first un weighted geometric Dehn function of X is B -bounded. 
Then the standard word-length function, Lq o , on G a , for every a, is B -equivalent to 
the length function on G a , induced by the restriction of L G to G a . Specifically, there 
exists a v € B such that Lc a (g) < v(Lo(g)) for all g € G a and all a. 

Proof The finite edge stabilizers imply that the first relative Dehn function ( in the 
meaning of Osin [Os] ), is equivalent to the first Dehn function of X, by [BC]. Thus 
it is ^-bounded. By Lemma 5.4 of [Os], the distortion of each H G % is bounded by 
the relative Dehn function. Thus each H is at most £> -distorted. □ 

The following is a generalization of a result in [JR1], which states that if a finitely 
generated group G is relatively hyperbolic to a family of finitely generated subgroups 
H, and if each He His HF°° and P-SIC, then G is V-SIC. 

Corollary 4 Suppose the finitely generated group G is relatively hyperbolic with 
respect to the family of finitely generated subgroups H. If C -< B, then G is B-SRIC 
with respect to % . 

Proof By Mineyev-Yaman [MY], there is a contractible hyperbolic complex X on 
which G acts cocompactly with finite edge stabilizers, and vertex stabilizers precisely 
the H and their translates. Lemma 14 gives the result. □ 

Corollary 5 Suppose the finitely generated group G is relatively hyperbolic with 
respect to the family of finitely generated subgroups %, and B is a multiplicative 
bounding class with £ ■< B. For any bornological Ht3,L(G) -module M, if each 
H e H is M-BIC, then G is M-BIC. In particular, if each H is B-SIC then G is 
B-SIC. 
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5 Two spectral sequences in 23 -bounded cohomology 



5.1 The Hochschild-Serre spectral sequence 

We begin with a finiteness result which was first proven for polynomially bounded 
cohomology in [Ml]. 

Theorem 11 Let (G, L) be V-BIC with respect to the trivial UpjlG) -module V ^0. 
Assume that V is metrizable, with distance function dy . Then for each n >0, 

kit 

BH n (G; V) = H'\G; V) ^ V 

Proof By contradiction. First, note that the weight function on C*(EG) induces a 
weight function on H*(BG) by w([x]) = min{w(x?) \ [x'] = [x]}. The statement that G 
is V-BIC is then equivalent to requiring that for each n > 1 and for all [c] G H"(BG), 
there exists a (j>„ € B such that for all [x] € H n (BG), d v ([c]([x]), 0) =< (j) n (w([x])) . 
Next, H n (G; V)= Hom(//„(G), V) by the Universal Coefficient Theorem. Suppose 
H n (G; V) is not a finite sum of copies of V. This can only happen if H n {G) is 
infinite-dimensional over C. Choose a countably infinite linearly independent set 
[jci], fe], . . . , [x n ], ... of elements in H n (G); we normalize each element so that 
= 1 f° r each 1 < i. Then for each i, fix a cohomology class [c{\ G H n (G; V) 
with dv([cj]([xj]),0) = 5ij. The set {[ci], [02], . . . , [c m ], . . . } is a countably infinite 
generating set for a subspace W = YiT C C H n (G; V). An element of IV may be 
written as 

C = (TCi, 722,723 , . . . , 72 m , . . . ) 

indicating that the [c ; ] -component of C is tz,-[c;]. Define a cohomology class [Cf] by 
[C / ] = (^(l),/(2),...,/(72),...)G W 

By construction, 

rfvCCC^C^])^) =/(m)[c m ]([x m ]) =f(m) 

for each m > 1 . Choosing the function / to be unbounded (which we can certainly 
do) makes [Cf] unbounded on the set of 72 -dimensional homology classes with weight 
1. This contradicts the assumption that (G,L) is /3-isocohomological with respect to 
V, regardless of the choice of B. □ 
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The following theorem was proven in [01] in the context of p.s. G-modules. It was 
shown in the bornological case in [Ra]. 

Theorem 12 ([Ra, 01]) Let ^ (GuU) ^ (G 2 ,L 2 ) ^ (G 3 ,L 3 ) ^ be an exten- 
sion of groups with length functions, and let (G\ ,L\) be V-IC. There is a bornological 
spectral sequence with E p 2 ' q = VH p (G 3 ;VH q (G l )) and which converges to VH*(G). 

A similar result holds with more general bounding classes and coefficients. 

Theorem 13 (Weak Serre spectral sequence in £> -bounded cohomology) Let(G\,L\) 
(G 2 ,L 2 ) -» (G 3 ,L 3 ) be a short-exact sequence of groups with word-length. Suppose 
that V is a metrizable (bornological) %b^(G 3 ) -module, and that (G\,L\) is V-BIC. 
Then there exists a spectral sequence 

E p 2 ' q = BH p (G 3 ;BH q (GuV)) BH p+q (G 2 ; V) 

Hence if (G 3 ,L 3 ) is V-BIC, (G 2 ,L 2 ) is V -BIC (where the rl BM (G 2 ) -module structure 
on V is induced by the projection G 2 — > G 3 ). 

Proof As (Gi , Li) is V-BIC, BH*(Gu V) ^ C k " <g> V by what we have shown above. It 
means that if (G 3 ,L 3 ) is V-£>IC,itis £>-isocohomological with respect to BH*(G\, V). 
Then by a spectral sequence comparison, (G 2 ,L 2 ) will be V-BIC. □ 

The Serre spectral sequence can be used to study the complexity of groups that occur 
as subgroups of hyperbolic groups. 

Theorem 14 Let Bbea bounding class with 8 <B. If there exists a finitely-presented 
group G which is not B-IC, then such an example must occur as a finitely-generated 
normal subgroup of a finitely-generated word-hyperbolic group. 

Proof By [Ri, BMS], every finitely-presented group G admits a presentation 

K^fj^G 

where is hyperbolic, K is a finitely-generated (normal) subgroup of fj, and the 
length function on G is the word-length function. As all of the Dehn functions of fj 
are linear, fj is strongly S-isocohomological for all bound classes B >z £■ In addition, 
the hyperbolicity of S) implies that the distortion of the embedding K S) is at most 
simple exponential, so the induced metric on K coming from its embedding in S) and 
the word-length function on K are B -equivalent. 
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Suppose now that K is B-\C. By Theorem 13, this guarantees the existence of a Serre 
Spectral sequence with appropriate -term. Consider the comparison map of spectral 
sequences 

& B (G) : {BHP{G;BW{K))} pq -> {HP{G;H%K))} pq 

This is an isomorphism on the p = 0, 1 lines by the isocohomologicality of K together 
with the fact G is finitely-generated and equipped with word-length function. By the 
assumption on G, there is smallest value of m > 2 for which the comparison map 
BH m (G) — > H m (G) fails to be an isomorphism. Because the map of spectral sequences 
is an isomorphism on the vertical p -lines for all p < m, this difference of -groups 
must persist to in one of two ways: 

• All elements of ker(<&g(G)) and coker(<I>g(G)) (which are permanent cycles) 
survive to . In this case, because the EQ> -term has lowest filtration degree in 
//'(i^) 5 these elements would produce elements in either the kernel or cokernel 
of the comparison map for Sj in degree m . 

• Some element in either ker(3>g(G)) or coker(<I>g(G)) produces a boundary in 
£ , ™'° for some r > 2 which does not survive to E'£f . This difference must 
propagate to produce a difference in the Eqo -terms with total degree less than 
m. Again, by choosing the smallest filtration degree in which this occurs (i.e., 
largest value of p), we see this would produce a non-zero element ker(<J>g(.fj)) 
or coker(<& / „(^)) for some j < m. 



In both cases, the result contradicts the isocohomologicality of Sj. Hence the assump- 
tion that K is B-IC must be false. □ 

In fact, as noted in [BH, Ex. 6.19 (1)], the distortion of a finitely generated subgroup 
of a finitely generated group G is at most simple exponential, so the theorem above 
may be generalized to 

Theorem 15 Let B be a bounding class with £ < B, and {G\,L\) >—> (G2,Z*2) -» 
(G3, L3) is a short-exact sequence of finitely generated groups with word-length. Sup- 
pose that (G 2 ,L 2 ) is B-IC, but (G 3 ,L 3 ) is not. Then (Gi,Li) is not B-IC. 



5 As both spectral sequences are arising from exact couples, the usual interpretation of the 
-terms applies: for F* = BH*{_) or //*(_), F" is a filtered object {Fg C F\ C • • • C 
F" = F"} withFj/Fjj corresponding to the E'^ k ' k -term of the appropriate spectral sequence. 
Moreover, the comparison map, coming from a map of exact couples, is filtration-preserving 
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5.2 The spectral sequence associated to a group acting on a complex 



Following Section 1.6 of [S], suppose that a finitely generated group G acts cocom- 
pactly on an acyclic simplicial complex X without inversion. For a simplex a of X , 
denote the stabilizer of a by G a . Denote by E a set of representatives of simplexes of 
X modulo the G action, and by E ? the ^-dimensional representatives in E. 



Let C*(X) denote the simplicial chain complex of X. As X is acyclic, there is an exact 
sequence 

<- C <- C (X) <- Ci(X) <- C 2 (X) <- . . . 



There is a direct-sum decomposition C q {X) = CTgS ^ C[G/G CT ]. For each a £ E, 
let PjJ = C[G Xg ct (Gq-)*" 1 " 1 ], the usual simplicial structure on G a induced up to a 
C[G] -module. In this way, is a projective C[G] resolution of C[G/G CT ]. This 
yields a double complex 



®pf y /T\ per , /T\ pff 

creSo ^2 ^ " Wo-eSi ^2 ^ " Wcre^ r 2 



(29) 



As each E ? is finite, applying HomQ G ](-,M) yields the following double complex. 
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(30) 



CTeSo Hom C[G] (P-,M) < CTGSi Hom C[G] (Pf,M) < © ffgE . Hom C[G] (Pf ,M) 



© CTeSo Hom C[G] (Pf,M) < CTGEi Hom C[G] (Pf,M) < ©^ Hom C[G] (P7,M) 



e CTeSo Hom C[G] (P-,M) < © CTeSi Hom C[G] (P-,M) < ©^ Hom C[G] (^,M) 

Examine the spectral sequence arising from the columnwise filtration on this double 
complex. That P% be a projective C[G] resolution of C[G/Go-] means that © CTgSo ^» 
is a projective resolution of C[G/ G&] . The E p { q -term of this spectral sequence 

is then 



Ext C[G] C[G/G a ],M 



J] Ext q cm (C[G/G a ],M) 

r€S p 

n Ext c[G CT ](c,M) 

res,, 

II H q (G a ;M) 



<tGS„ 



On the other hand, the total complex of the double complex in equation 29, serves as a 
projective resolution of C over C[G], yielding a theorem of Serre. 

Theorem 16 (Serre) For each CG -module M, there is a spectral sequence with 
E T - ELeE,, Rq (°^ M ) and which converges to HP + \G;M). 

This extends to the B -bounded case, when the stabilizers are given the length function 
restricted from G . 

Let (X) be defined as in the proof of Theorem 3. If the higher weighted Dehn 
functions of X are B -bounded, Cf (X) gives a chain complex of complete bornological 
Hb,l(G) -modules, endowed with a bounded C -linear contracting homotopy. There is 
a natural quotient length, w, defined on G/G a induced from the length L on G via 
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w(gG a ) := mm{L{gh)\h e G a }. Denote by Ub, w (G/ g °) the completion C[G/G a ] 
under the following family of seminorms. 

| a^| A := |a*|A(w>(x)) A e £ 

There is a bornological isomorphism C~(X)= %B,w{G/Ga). Similarly, let 

i5P£ denote the corresponding completion of P%. As above, we obtain a double 
complex, but of bornological Hb,l (G) -modules. 



(31) 



®«eZo BP ! < ®^ BP 1 < ®a^ 2 BP i *" 



®«ez BP o < ®«e^ BP o < ®oex 2 BP o < ■■■ 

For any T~Lb,l (G) -module M, applying the bounded equivariant homomorphism func- 
tor Hom^ B t (G)(-,M) yields the following. 
(32) 



© ffG Eo H ° m « 8 ,,(G)(^^) 



© ffe Eo H ° m « 8 ,,(G)(^l",M) 



©a e Eo H ° m « 8 ,,(G)W^) 



ffeS| Hom^ it(G) (^,M) < ffeS2 Hom W8it{G) (BPf,M) 



ffGSl Hom W8it(G) (BPf,M) < e ffeS2 Hom W8it{G) (BPf,M) 



ffGSl Hom W8it(G) (^,M) < CTeS2 Hom W8i(G) (SP-,M) 



As in the non-bornological case above, by examining the columnwise filtration on this 
double complex we obtain a spectral sequence that converges to the cohomology of 
the total complex. The choice of w on G/G a ensures a bornological isomorphism 
Ext* HBL(G) (nBAG/G a \M)^Ext* HBL(G JC,M). As above we find E™ * ILes, BH q (G a ;M). 
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Moreover, the total complex of 31 gives a projective resolution of C over %b,l(G). 
This verifies the following theorem. 

Theorem 17 Suppose all higher weighted Dehn functions of C*(X) are B-bounded, 
when the acyclic complex X is equipped with the 1 -skeleton weighting. For each 
7~Lb,l(G) -module M, there is a spectral sequence with Ei-term the product of the 
BH*(G a ;M) which converges to BH*(G;M). 

By comparison with the spectral sequence from Theorem 16, we immediately obtain 
the following corollary 

Corollary 6 Suppose the acyclic complex X is equipped with the 1 -skeleton weight- 
ing, and all higher weighted Dehn functions of C*(X) are B-bounded. If M is a 
T-Lb,l (G)-module for which each (G a ,L) is M-BIC, then (G, L) is M-BIC. In partic- 
ular if each (G(j,L) is B-SIC, so is (G,L). 
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6.1 Duality and Poincare Duality Groups 

We recall that G is a duality group of dimension n if there exists a G -module D such 
that 

H l (G,M) ^ H n -i{G, D®M) 

If this is the case, then D = H"(G,Z[G]) is the dualizing module . When D = Z, 
the group is called a Poicare Duality group . It is orientable precisely when the action 
of G on D (induced by the right action of G on Z[G]) is trivial. All known ori- 
entable Poincare Duality groups occur as the fundamental group of a closed orientable 
aspherical manifold. 



6.2 Isocohomologicality and the fundamental class 

The question of isocohomologicality for oriented duality groups is answered by the 
following theorem. All homology and cohomology groups are taken with coefficients 
in C. 

Theorem 18 Let M be a compact, closed, orientable manifold of dim. n which is 
aspherical (M ~ *). LetG = TT\{M),andlet fj! G € H n (MxM) denote the fundamental 
cohomology class in H*(M x M) dual to the diagonal embedding A(M) C M x M 6 . 
If y!' G is in the image of the comparison map &* B : BH*(G xG)4 H*(G x G) with 
respect to a length function L on G, then (G,L) is B -isocohomological. 

Proof Assume L fixed, and consider the following diagram: 

-ClUc 

H\G) - ^ g»-i(G) 



<i >t 



-ry»g 

BH\G) TTt BH n -i(G) 



6 This class is simply the image, under the restriction map H*(M x M,M x M — A(M)) — > 
H*(M x M), of the Thom class associated to the normal bundle of the diagonal embedding. 
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Here /i G G H n {G) = H n (M) denotes the fundamental homology class of M. Now 
_ n \iq is an isomorphism with inverse given by /U G /_. The homology class ^ G € 
BH n {G) is simply the image of [Iq € H n {G) under the comparison map \P~ . By 
section 2.6, 

_ n ^ = $? o (_ n /i G ) o $^ 

In fact this identify follows from a similar one that holds on the (co)chain level. If there 
exists a class a// G G BH"(G x G) satisfying ^ G = ^g( B/ u G ), then taking ? = bUgI- 
in the above diagram and appealing again to section 5.1, we get the second identity 

A*g/- = *bo(b^/_)o$? 

This implies the diagram, with "?" so defined, is commutative. The fact that the maps 
at the top are isomorphisms then implies all of the other maps in the diagram are as 
well. □ 

[Note: There is a different way of thinking about this result. By the Duality Theorem 
(Thm. 11.10 of [MS]), for any basis {&,•} of H*(G) = H*{M), taken as a (finite- 
dimensional) graded vector space over C, there exists a "dual" basis {bj} with < 

bi U bj, hg >= In terms of these bases, y!' G is given by the equation 

// G = Y^(-lf m(b,) bi x b\ 

i 

The condition that this class is ^-bounded then forces each of the bi 's (and hence also 
the bj 's) to be ^-bounded, via linear independence.] 

When BG has the homotopy type of an oriented manifold with boundary, we have a 
similar result. 

Theorem 19 Suppose (G, L) is a group with word-length, such that BG ~ M an 
oriented compact n -dimensional manifold with connected boundary dM . Assume 
also that dM is aspherical, and incompressibly embedded in M (i.e., the induced map 

on fundamental groups ir\(dM) — > 7Ti(M) is injective). Let D(M) = M U M denote 

d(M) 

the double of M along its boundary. If the fundamental cohomology classes of both 
D(M) and dM are both in the image of the comparison map for a bounding class B (in 
the manner described by theorem 18), then G is B -isocohomological. 

Proof Let G\ = m(dM) and G" = tti (D(M)). By Van Kampen's theorem, G" = G* 

G ; moreover, the incompressibility of dM in M implies D(M) ~ K(G", 1) is aspheri- 
cal. Now consider the diagram 
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BW-\G') 



s 



\G") 



BH J (G) 8 BH J (G) 



BH j (G') 



Hi~\G') 



5 



H j (G") 



HJ(G) © H'(G) 



H'(G') 



s 



Both the top and bottom sequences are derived from the collapsing of the spectral 
sequence associated to a group acting on a complex (in this case, a tree with two 
edges and three vertices, representing the amalgamated free product). The vertical 
maps are induced by the comparison transformation £>//*(_) —>//*(_), implying the 
diagram is commutative. By Theorem 18, the comparison map is an isomorphism 
for both G' and G" (both of whose classifying spaces are represented by compact, 
oriented finite-dimensional manifolds without boundary). The result follows by the 
five-lemma. □ 

It is not clear if this is the best possible result when the boundary is non-empty, i.e., 
whether £>-isocohomologicality for G could be guaranteed by the £>-boundedness of 
a single cohomology class. It is also not clear what one can say in general if either 
dM is not aspherical, or if it is, but not incompressibly embedded in M. All of these 
situations would seem to deserve further attention. 



6.3 B -duality groups 

Using the pairing operations of section 2.6, one has an obvious extension of the 
definition of a duality group to the ^-bounded setting. 

Definition 15 Given a bounding class B and a group with word-length (G, L) , we say 
that G is a B -duality group of dimension n if there exists an H^ ^G) -module Dg and 
a "fundamental class" /ig E BH u {G,Dq) with 



Theorem 20 Let B be a bounding class, and (G,L) a B -duality group with duality 
module Dg . Suppose yP is in the image of the comparison map *~ . Then 




BH'(G, V) 



BH„-i(G,D®V) 
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• If Dg is finite-dimensional over C, (G, L) is strongly monocohomological (that 
is, the comparison map is injective in cohomology for all bornological Hg L (G) - 
modules V. 

• If Dg is infinite-dimensional over C, (G,L) is monocohomological for all 
bornological H^i(G) -modules V which are finite-dimensional over C. 

Proof Choose /io € H n (G,D) with = n®. We can consider a diagram 

analogous to that of Theorem (18): 

H\G, V) " fl»-i(G, D B ® V) 

S// ! '(G, V) *" BH n -i(G,D B ®V) 

At issue in this diagram is the difference between (g) V and Dg(g>V. However, if 
either Dg or V is finite-dimensional over C, this difference vanishes and the diagram 
commutes, verifying injectivity of the comparison map in the cases indicated. Note that 
we do not assume the top horizontal map in the above diagram is an isomorphism. □ 



Remark Ideally, one would like to prove the diagram commutes whenever or is in 
the image of the comparison map. However, we have not yet been able to show this. 



6.4 Two solvmanifolds 

We construct examples of groups tt, admitting closed oriented compact manifold 
models for Bit of small dimension, for which the comparison map fails to be surjective. 

Let L„ denote the standard word-length function on Z" , and set 

LWL n (g) = log(l+L n (g)) 
This is still a length function on Z", but it is not B -equivalent to L n unless £ < B. 
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Proposition 3 Let BH* log (J] 1 ) denote the B -bounded cohomology of the group with 
word-length (Z n ,LWL n ). Then for all B ~< 6, 

= $>* B : BHf og (Z n ) H*(Z n ), * > 
Proof There is a commuting diagram of extensions of groups with word-length 



(Z' I ~ 1 ,LWL„_ 1 > ^(Z"" 1 x Z,LWL„_i xLWLi) w(Z,LWLi) 



(Z"^ 1 ,lwl, ! _ 1 )>- 



(Z n ,LWL„) 



hi 

{Z,LWL X ) 



Because the inclusion is a split-injection, the technical hypothesis [ref. above] is 
satisfied, allowing for the construction of the Hochschild-Serre spectral sequence for 
both the top and bottom sequences. By a spectral sequence comparison, we see that 
the middle downward arrow induces an isomorphism in 23 -bounded cohomology. For 
the top-middle group, the £>-bounded cohomology decomposes as a tensor product. 
The result is an isomorphism of graded vector spaces 

(33) BHt og (Z n )^®BHf og (Z) 

It remains to show that BH*(1i) — > H*(Z) is the zero map for * > 0, i.e., for * = 1. 
When * = 1, elements of BH l (Z) correspond bijectively to group homomorphisms 
from Z to C , equipped with its usual norm. The norm of any non-zero homomorphism 
grows linearly with respect to the standard word-length function on Z . This means it 
grows exponentially as a function of UNL\ . When B -< £" , this is impossible, implying 
BH X {%) = in this case. □ 



Example 1 [Gromov] As above, assume C ■< B -< £ and let G be the semi-direct 
product Z 2 x Z, where Z act on Z 2 by the representation 




This is a split-extension of Z by Z 2 ; moreover, Z 2 has exponential distortion in G. 
This is equivalent to saying the induced word-length function on Z 2 coming from 
the embedding in G is (linearly) equivalent to LWL2. For the base group Z, the 
word-length function induced by the projection G Z is the standard one. Now the 
Hochschild-Serre spectral sequence in ordinary cohomology for this extension satisfies 
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£|* = E*^ for dimensional reasons. Embedding 1? x Z in the solvable Lie group 
R 2 xl, the action of the base on the fiber (over R) is similar to the action given by 
r o {r\,r%) = (e Xr r\,e~ Xr r2). The first exterior power of this representation has no 
invariant subspaces, while the second exterior power is the identity. Hence = 
H°{Z;H\Z 2 )) = 0, while £°' 2 = H°(Z;H 2 (Z 2 ))^C. On classifying spaces the 
short-exact sequence Z 2 >— ► G -» Z produces a fibration sequence of closed oriented 
manifolds and orientation-preserving maps. This yields a Poincare Duality map on the 
E^-term of the spectral sequence for H*(G). By this duality, we conclude E®' 1 is dual 
to E^' 1 which therefore must also be zero (we already knew H l (Z) = E?° = E^ 2 = 
H°(Z;H 2 (Z 2 )) ^ C). This gives an isomorphism H*(G)^H*(Z) <g> H*(Z 2 ), although 
there is no homomorphism of groups inducing it. If we denote by t[ € H'(G) the 
element corresponding to the generator of H'(Z'), i = 1,2 (after fixing a preferred 
orientation of BG), then 

Proposition 4 The cohomology class t% € H 2 {G) = C cannot lie in the image of the 
comparison map ^ 2 B : BH 2 {G) —> H 2 (G) whenever B -< £ . 

Proof The comparison map is natural with respect to those maps induced by group 
homomorphisms, implying the existence of a commuting diagram 

BH\G) -BH 2 og {Z 2 ) 

H 2 {G) »■ H 2 {I?) 



For B -< £ , the map on the right is trivial by Proposition 3, while the spectral sequence 
argument for ordinary cohomology just given shows the lower horizontal map sends 
?2 non-trivially to the generator of H 2 (l?) = C. Thus ?2 cannot be in the image of ^ 2 B 
(this is in the spirit to Gromov's original argument referenced above). □ 

With some additional work, one can also show t\t% G H 3 (G) is not in the image 
of whenever B < £. Of course, by Theorem 18, The dual fundamental class 
u' G H 3 (G x G) cannot be in the image of ^ B for B -< £ . 

There are some additional consequences of this first example worth noting (with V -< 
B < £). 
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• All surface groups are non-positively curved - hence £>-IC - so 3 is the lowest 
dimension for which there can exist a closed oriented K(tt, 1) manifold with 
non-B -bounded cohomology. 

• Nilpotent groups are B-IC when V -< B [01], [JR1] , so solvable groups are 
the simplest types of groups which could have non-B -bounded cohomology for 
V <B. 

• For finitely-generated groups, all 1 -dimensional cohomology classes exhibit 
linear growth with respect to the word-length function, so cohomological di- 
mension 2 is the first dimension in which classes not B -bounded with respect 
to the word-length function could occur. 

• If the first Dehn function of G were B -bounded, G would have to be strongly 
,6-isocohomological in cohomology dimensions 1 and 2. By contradiction, we 
recover the result of Gersten [Gel] that the first Dehn function of G must be (at 
least) exponential. 

Example 2 [Arzhantseva-Osin] Let <f> : Z 2 — > SZ^Z) be an injection sending the usual 
generators of Z 2 to to semi-simple matrices with real spectrum. Denote by H be the 
semi-direct product Z 3 xi Z 2 where Z 2 acts via the representation induced by (p. 

The classifying space BH is homotopy-equivalent to a 5 -dimensional closed, compact, 
and oriented solvmanifold M 5 . It is shown in [AO] that Z 3 is exponentially distorted 
in H in a manner similar to the previous example. 

Theorem 21 There exists a cohomology class 6 H 3 (H) not in the image of for 
any B -< £ . 

i Pi 

Proof On the level of classifying spaces, the short-exact sequence Z >— > H -» Z 
corresponds to a fibration sequence of closed oriented compact manifolds, with the 
maps preserving orientation. Thus the top-dimensional cohomology class /15 6 H 5 (H) 
satisfies fi 5 = [i^i where ^3 maps under i* to 7^ [i' 3 G // 3 (Z 3 ) Z (the Z 2 -invariant 
fundamental cohomology class of Z 3 ), and [12 = p*(/4) where fi' 2 E H 2 {I?) is the 
fundamental cohomology class for Z 2 . 

As before, there is a commuting diagram 
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BH\H) BHf og (Z 3 ) 

H 3 (G) ^// 3 (Z 3 ) 



where the map on the right is zero. The result follows. □ 

By a more detailed analysis, one can conclude that ^5 £ H 5 (H) = C is not B -bounded 
for any B -< £, and by Theorem 18, we know the same for the dual fundamental class 
in H 5 (H x H). However, this example is important for another reason. 

Corollary 7 The Dehn functions of H are not B -equivalent for any bounding class 
B -< £ . Precisely, the first Dehn function is quadratic, while the second Dehn function 
is at least simple exponential. 

Proof The first Dehn function of H was computed in [AO], where it was shown to be 
quadratic. If the second Dehn function were £> -bounded for some C < B -< £ , then by 
Theorem 4, the group H would have to be £>-isocohomological through dimension 3 
contradicting the previous result. So the second Dehn function must be at least simple 
exponential. □ 



6.5 More on the comparison map 

We have shown the comparison map fails to be surjective in general, at least for 
bounding classes B -< £ . It is natural to ask whether this map also fails to be injective. 
The next theorem answers this question. 

Theorem 22 Let (G,L st ) be a discrete group with standard word-length function, 
with BG ~ Y a finite complex. If B is a bounding class for which the comparison 
map $g(G) : BH*G) -> H*(G) fails to be surjective, then the is another group $(G), 
depending functorially on G up to homotopy, for which the comparison map <J>g fails 
to be injective. 
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Proof As BG is homotopically finite, we may construct a finitely-generated hyper- 
bolic group S)(G) and a map p G : fi(G) — > G which induces an injection in group 
cohomology with trivial coefficients [Gr, CD, DJ]. Also, for any discrete group G' , a 
classical construction allow us to embed G' in an acyclic group A(G') , where the in- 
clusion i G i : G' A{G') is a functorial construction in G' . If G' is finitely-generated 
and equipped with the standard word-length function, we can arrange for the image 
of G' in A{G') to be non-distorted. Abbreviate f)(G) as C, and let A\ = G x A(C), 
A 2 = A(C). There are inclusions 



(34) 
(35) 



C^A U g^ (p G (g),ic(g)), 
C^A 2 , i c (g) 



Let A3 = A\ * Ai. By the spectral sequence of section 5.1, there is a commuting 
diagram of Mayer- Vietoris sequences 



BHJ-HQ ^ BHJ(A 3 ) ^ BHW © BH'(A 2 ) ^ BH'(C) BW+\A^ ■ 



■W(Ai) 



W{Ai)®H'{A 2 ) 



■mo 



Because C is finitely-generated hyperbolic, the comparison map for C is an isomor- 
phism for all £ ^ B. Moreover, H*(A 2 ) = for * > 0, and F*(Ai)^F*{G) <g> 
F*(A(C)) for F*(_) = BH*(^), //*(_). Hence the cokernel of the comparison map 
for A\ is naturally isomorphic to the cokernel of the comparison map for G. The 
injectivity of H*(G) ->■ H*{C) implies the map H\A 3 ) ->■ W{A X ) H>(A 2 ) is zero for 
j > 0. The result is an injection 



coker (% : BH*{A X ) © BH*(A 2 ) H*(Ai) H*{A 2 )) ^ ker : BH* +l (A 3 ) -> /T +1 (A 3 )) 

Define £(G) = A 3 . If coker($'*(G)) / 0, then ker($g +1 (g r (G))) ^ 0. The acyclic 
group construction G h-> A(G) can be done functorially, as can the hyperbolization 
of the finite complex Y. However, this requires choosing a finite complex Y ~ BG, 
which, on the category of type finitely-presented FL groups, is functorial only up to 
homotopy. □ 

Corollary 8 There exist discrete groups equipped with standard word-length function 
for which the comparison map fails to be injective for all B -< 6 . 
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Proof Let G be the group in Proposition 4. By the previous theorem, <£g(5(G)) 
cannot be an injection for any B -< £ . □ 

It should be noted that the groups resulting from the above constructions will typically 
have large classifying spaces, even when BG has the homotopy type of a relatively 
simple complex. The following alternative construction provides a more geometric 
model for the acyclic "envelope" used above. Again, assume G is type FL, so that 
BG ~ Y a finite complex. According to recent work of Leary [L], we may construct a 
diagram 

7> s- 7p 



Y *- y 

where Y denotes the cone on Y (which can be done so as to be functorial in Y and 
preserve finiteness), and where Tx denotes the "metric" Kan-Thurston space over X. 
By [L] , this is a C AT(0)-space (hence aspherical) whose construction is functorial on the 
category of finite complexes, for which the map Tx — > X is a homology isomorphism. 
Thus in the above setup, wecan replace C by C\ := 7ri(7Y) and A{C) by C2 := ni(Y), 
and repeat the construction with A\ = G x C%, A 2 = C%, $(G) = A3 = A\ * A%, the 

difference now being that A \ , A2 as well as the amalgamated product A3 are all of type 
FL. Because CAT(0)-groups admit a synchronous linear combing, they are £>-SIC for 
all B y V. Hence 

Theorem 23 Let (G, L st ) be a group of type FL with standard word-length function, 
where BG ~ Y a finite complex. IfByVisa bounding class for which the comparison 
map ^b(G) : BH*(G) ->■ H*(G) fails to be surjective, then there is another group J(G) 
of type FL, depending functorially on G up to homotopy, for which the comparison 
map <3?g fails to be injective. 

Corollary 9 There exist discrete groups equipped with standard word-length function 
of type FL for which the comparison map <E>g fails to be injective for all V < B -< £ . 
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